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ABSTRACT
Most of the end-to-end congestion control schemes are “vol-
untary” in nature and critically depend on end-user cooper-
ation. We show that in the presence of selfish users, all such
schemes will inevitably lead to a congestion collapse. Router
and switch mechanisms such as service disciplines and buffer
management policies determine the sharing of resources dur-
ing congestion. We show, using a game-theoretic approach,
that all currently proposed mechanisms, either encourage
the behaviour that leads to congestion or are oblivious to it.

We propose a class of service disciplines called the Dimin-
ishing Weight Schedulers (DWS) that punish misbehaving
users and reward congestion avoiding well behaved users.
We also propose a sample service discipline called the Rate
Inverse Scheduling (RIS) from the class of DWS schedulers.
With DWS schedulers deployed in the network, max-min
fair rates constitute a unique Nash and Stackelberg Equi-
librium. We show that RIS solves the problems of excessive
congestion due to unresponsive flows, aggressive versions of
TCP, multiple parallel connections and is also fair to TCP.
Keywords: Game Theory, Nash Equilibrium, Stackelberg
Equilibrium, Generalized Processor Sharing, GPS, Schedul-
ing, Congestion Control, TCP, Fairness, RIS, DWS.

1. INTRODUCTION
Most of the end to end congestion control schemes [23,

17, 32, 26, 16] are voluntary in nature and critically depend
on end-user cooperation. The TCP congestion control algo-
rithms [23, 5, 20, 21, 19, 9] voluntarily reduce the sending
rate upon receiving a congestion signal such as ECN [25],
packet loss [14, 10, 18] or source quench [24]. Such conges-
tion control schemes are successful because all the end-users
cooperate and volunteer to reduce their sending rates using
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similar algorithms, upon detection of congestion.
As the Internet grows from a small experimental network

to a large commercial network, the assumptions about co-
operative end-user behaviour may not remain valid. Factors
such as diversity, commercialization and growth may lead to
non-cooperative and competitive behaviours [12] that aim
to derive better individual utility out of the shared Internet
resources.

If an end-user does not reduce its sending rate upon con-
gestion detection, it can get a better share of the network
bandwidth. The flows of such users are called unresponsive
flows [8, 7]. Even responsive flows that react to congestion
signal can get unfair share of network bandwidth by be-
ing more conservative in reducing their rates and more ag-
gressive in increasing their rates. Such flows are termed as
TCP-incompatible flows [8, 7]. Even TCP-compatible flows
such as different variants of TCP give different performance
[21] under different conditions. Such behaviours though cur-
rently not prevalent, are present in the Internet, and pose
a serious threat to Internet stability [12, 8]. If widespread,
such behaviours may lead to a congestion collapse of the In-
ternet (see Section 2). Therefore it is important to have an
approach towards congestion control that is not dependent
on cooperative end users voluntarily following an end-user
behaviour from a class of predefined behaviours.

In this paper we propose a game-theoretic approach to-
wards congestion control. The crux of the approach is to
deploy schedulers and/or buffer management policies at in-
termediate switches and routers that punish misbehaving
flows by cutting down their rates thereby encouraging well
behaved flows. There have been discussions [29] on pun-
ishing misbehaving users but they do not talk about such
punishments in a game-theoretic framework. We propose a
class of scheduling algorithms called the Diminishing Weight
Scheduling (DWS) that punish misbehaving flows in such
a way that the resulting game-theoretic equilibrium (Nash
Equilibrium) results in fair resource allocations. We show
that with DWS scheduling deployed in the network, max-
min fair rates [4] constitute a Nash as well as a Stackel-
berg Equilibrium. Thus, with DWS scheduling deployed,
the “best selfish behaviour” for each user is to estimate its
fair rate and send traffic at that rate.

Our game-theoretic approach is very similar to that pro-
posed by Shenker [27] to analyze switch service disciplines.
However, Shenker uses a discrete queueing theoretic model
of input traffic which does not accurately model the traffic
in today’s data networks. Moreover, Shenker’s analysis is
restricted to a single switch/router and does not extend to
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an arbitrary network in a straight forward manner. We use a
continuous fluid-flow based input traffic model which is more
realistic and amenable to analysis in an arbitrary network.
This makes our approach more practical and applicable to
networks such as the Internet.

The steepness of the diminishing weight function deter-
mines the amount of penalty imposed on a misbehaving flow.
Steeper weight functions impose stricter penalties to misbe-
having flows. As the weight function becomes flat, DWS
approaches WFQ scheduling which imposes no penalty on
a misbehaving flow. We also present a sample service disci-
pline called Rate Inverse Scheduling (RIS) where the dimin-
ishing weight function is the inverse of the input rate. By
using different weight functions in DWS, the switch design-
ers and ISPs can choose from a variety of reward-penalty
profiles to meet their policy requirements.

With DWS deployed, we show that it is in the inter-
est of each individual end-user to follow a TCP-style in-
crease/decrease algorithm. Using simulations we show that
end-users using different versions of TCP are actually able
to converge to their fair rates, even in the presence of mis-
behaving users.

In Section 2 we present our game-theoretic formulation
and show that in the presence of selfish users, the current
resource management policies will lead to a congestion col-
lapse. In Section 3 we present the DWS scheduling algo-
rithm and discuss its properties in Section 4. We present
some preliminary simulation results in Section 5. We con-
clude in Section 6. The proofs are provided in the Appendix.

2. A GAME-THEORETIC MODEL OF A
NETWORK

Consider a link of capacity C shared by N users. There
is a sufficiently large shared buffer, a buffer management
policy, and a service discipline to partition the link capacity
among the users. Assume that user i sends a constant rate
traffic flow at a rate ri (the input rate). Some of this traf-
fic may be dropped due to buffer overflows. Assume that,
in steady state the traffic of user i is delivered at the des-
tination with an average output rate γi, (γi ≤ ri). The
output rate is a function of sending rate of all the N users,
the switch service discipline S, and the buffer management
policy B. Mathematically, this is written as γ = γSB(r),
where r = (r1, r2, . . . , rN) denotes the N-dimensional vec-
tor of input rates and γ = (γ1, γ2, . . . , γN ) denotes the N-

dimensional vector of output rates and γSB() is the func-
tion (called the resource management function) dependent
on scheduling discipline S and buffer management policy B
mapping the vector of input rates to the vector of output
rates.

Consider a network comprising multiple nodes and links.
Assume that traffic of user i traverses links l1, l2, . . . , lk. Let
the resource management function at link lj be γj(). Let rj

denote the vector of input rates of all users at link lj . The
input rate of user i at link l1 is r1

i = ri. Since we assume
that all users send traffic at a constant rate, the output rate
of user i at link l1 is also a constant given by γ1

i = γ1

i
(r1).

Therefore, the input rate of user i at link l2 will also be
constant given by r2

i = γ1
i . Similarly we have:

rj
i = γj−1

i = γj−1

i
(rj−1). (1)
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Figure 1: Uncongested link
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Figure 2: Congested link

The final output rate of the user will be given by:

γi = γk
i = γk−1

i
(rk−1)

.
In general, a user’s utility (or satisfaction) depends on

its output rate, loss rate and end-to-end delay. However,
for a majority of applications the output rate is the most
important factor determining the user’s utility. For instance,
“fire-hose applications” described in [29] are completely loss
tolerant. For streaming media applications, loss tolerance
can be obtained using forward error correction techniques
[2]. For bulk transfer applications, loss tolerance can be
achieved using selective retransmissions [4]. Therefore, for
simplicity, we assume that a user’s utility is an increasing
function of its output rate only. The class of such utility
functions Uγ , is formally defined as1:

1. U ∈ Uγ maps a user’s output rate γ to a real-valued
non-negative utility,

2. U(γ′) > U(γ) iff γ′ > γ.

If user i was to act in a selfish manner, it would choose a
sending rate ri which would maximize its utility (and hence
the output rate), irrespective of the amount of inconvenience
caused (loss of utility) to other users. Consider what will
happen in such a scenario with different packet service dis-
ciplines and buffer management policies.

Consider a link of capacity C = 10Mbps shared by five
users sending traffic at a constant rate. Figures 1 and 2

1Later, in Section 4 we also consider the class of utility func-
tion Uγl where a user’s utility is also dependent on its loss
rate.
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Legend Scheduling discipline Buffer management policy

FCFS First come first serve Shared buffers, drop tail
WF2Q Worst case fair weighted fair queueing Per flow buffers, drop tail [3]
LQD First come first serve Longest queue tail drop [30]
DT First come first serve Dynamic threshold [6]
RED First come first serve Random early drop [10]
FRED First come first serve Flow RED [18]
RIS Rate inverse scheduling Per flow buffers, drop tail

Table 1: Notations for schedulers and buffer management policies

P

M
N L

QC

B

A

O
Link Speeds:

L, M, N:   1 Mbps
O, P, Q: 10 Mbps

Figure 3: Congestion collapse in a sample network

show the variation in a user’s output rate as a function of
its input rate for different scheduling disciplines and buffer
management policies. Refer to Table 1 for notations.

For FCFS, the output rate of a user (and hence the user’s
utility) always increases as its input rate increases. How-
ever, the slope of the graph depends on the input rate of
other users. In such a case, there is an incentive for each
user to increase its sending (input) rate, irrespective of what
other users are doing. If each user was to act selfishly, to
maximize its own utility, the link will end up becoming heav-
ily congested with each user sending traffic at its maximum
possible rate and receiving only a tiny fraction of the traffic
sent. This is characterized by the concept of Nash Equilib-
rium [11].

Definition 1 (Nash Equilibrium). Let ui(σ, σ) rep-
resent the utility of player i when the player adopts the strat-
egy σ and all the other players adopt the strategy σ. A strat-
egy profile σ∗ is a Nash Equilibrium if, for every player i,

ui(σ
∗
i , σ∗

−i) ≥ ui(σi, σ
∗
−i),

for all σi ∈ Si, where Si is the set of strategies that user i
can adopt.

In other words, a Nash Equilibrium is a strategy profile
where no user has an incentive to deviate unilaterally from
its strategy. If all the users are selfish and non-cooperating
they would eventually adopt strategies that constitute a
Nash Equilibrium.

Here, the vector of input rates r constitutes a strategy
profile, and each user’s utility U(γ) is a monotonically in-
creasing function of its output rate γ. For FCFS, RED, and
DT resource management policies, the only Nash Equilib-
rium is when the input rates approach infinity.

Therefore, it is appropriate to say that FCFS encourages
behaviour that leads to congestion. In a network comprising

multiple nodes and links, selfish user behaviour will lead to
worse disasters [7, 8] (similar to the congestion collapse)
where input rate of each user will approach their maximum
possible and output rates will approach zero. To see this,
consider the network and flows shown in Figure 3. Assume
that FCFS policy is deployed at every link. Every user will
send traffic at the rate of the access link, 10 Mbps, and
will get a net output rate of less than 100Kbps at the final
destination.

Now consider WF2Q. The output rate of a user remains
equal to its input rate as long as it is less than or equal
to its fair rate. When, the input rate becomes larger than
the fair rate, the output rate remains constant at fair rate
(C/N). Above is true irrespective of the input rates of other
users. In such a scenario, a selfish user will increase its in-
put rate till the fair rate. However, a user has no incentive
to increase its input rate beyond the fair rate, nor does it
have any incentive to keep its input rate down to the fair
rate. Therefore, in a network comprising multiple nodes and
links, when a selfish user neither knows its fair rate, nor the
resource management policies employed (FCFS or WFQ),
it may simply find it convenient to keep on increasing its
input rate much beyond the fair rate. For WF2Q, LQD,
and FRED, it seems that any vector of input rates where
each user’s input rate is more than C/N constitutes a Nash
Equilibrium. We say that such policies are oblivious to con-
gestion causing behaviour.

Observe from Figures 1 and 2 that all the resource man-
agement policies (except RIS which will be described in fol-
lowing sections) either encourage behaviour leading to con-
gestion or are oblivious to it.

For end-to-end congestion control schemes to be effective
in the presence of selfish users (and in the absence of other
incentives such as usage based charging, congestion pricing
etc.), a resource management mechanism in the interior of
the network (i.e., the traffic police) is needed that punishes
misbehaving users and rewards well behaved users, while
what is present in today’s networks is just the opposite. In
the following section we describe a class of service disciplines
that achieve the purpose of rewarding the well behaved users
and punishing the misbehaving users.

3. DIMINISHING WEIGHT SCHEDULERS
The class of Diminishing Weight Schedulers (DWS) is de-

fined for the idealized fluid-flow traffic model. It is derived
from the Generalized Processor Sharing (GPS) scheduling
algorithm [22]. Consider a link of capacity C shared by
N users sending traffic as N distinct flows. Let Ai(t) be
the amount of traffic of flow i entering the scheduler buffer
in the interval (0, t] and Si(t) be the amount of traffic of
flow i served by the scheduler in the interval (0, t]. Define
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Ai(0) = 0 and Si(0) = 0 for all i. Define the backlog of flow
i at time t > 0 as Bi(t) = Ai(t) − Si(t). Define the total

system backlog at time t as B(t) =
∑N

i=1 Bi(t). Define the
input rate of a flow at the link at time t as ri(t) = dAi(t)/dt
and define the output rate of flow i at the link at time t as
γi(t) = dSi(t)/dt.

A GPS scheduler [22] on a link may be defined as the
unique scheduler satisfying the following properties:

Flow Conservation:

Bi(t) ≥ 0,∀i, t ≥ 0. (2)

Work Conservation:

If B(t) > 0, then

N∑
i=1

γi(t) = C. (3)

GPS Fairness:

Bi(t) > 0 ⇒ ∀j :
γi(t)

φi
≥ γj(t)

φj
, (4)

where φi is the GPS weight assigned to flow i.
The flow conservation property implies that for a flow, the

traffic served cannot be more than the traffic arrived. The
work conservation property implies that if there is a non-zero
backlog in the system, then the link is not kept idle. The
fairness property implies that the output (service) rates of all
the backlogged flows will be proportional to their respective
GPS weights, while the output rates of non-backlogged flows
will be smaller.

GPS assigns constant weights to all the flows. DWS dif-
fer from GPS in this regard. In DWS, each bit gets a GPS
weight that is a decreasing function of that bit’s arrival (in-
put) rate. If the bit at the head of the queue of flow i at time
t arrived at time τi(t), then in DWS, φi(t) = θiW (ri(τi(t))),
where W (r) is the diminishing weight function, which is a
continuous and strictly decreasing function of r. The class
of DWS schedulers is formally defined as the schedulers sat-
isfying the following properties:

Flow Conservation:

Bi(t) ≥ 0,∀i, t ≥ 0. (5)

Work Conservation:

If B(t) > 0, then

N∑
i=1

γi(t) = C. (6)

DWS Fairness:

Bi(t) > 0 ⇒
∀j : γi(t)

θi.W (ri(τi(t)))
≥ γj (t)

θj .W (rj(τj(t)))
,

(7)

where θi is the DWS weight for flow i. Thus, DWS rewards
flows with small rates by assigning them large GPS weights
and punishing flows with large rates by assigning them small
GPS weights. The amount of punishment depends upon the
steepness of the diminishing weight function. If it is a flat
function such as the 1/log(r) function, then DWS resembles
the GPS scheduling. If the diminishing weight function is
steep then strict penalties are enforced to misbehaving users.
The DWS weights θ may be set in accordance with the pric-
ing, resource sharing or other administrative policies, in the

same way the as GPS weights φ are set when GPS based
schedulers are deployed.

The Rate Inverse Scheduler (RIS) is a special case of the
DWS scheduler where the diminishing weight function is
the inverse function (W (r) = 1/r). Thus the DWS fairness
condition for RIS reduces to the following:
RIS Fairness:

Bi(t) > 0 ⇒
∀j : 1

θi
γi(t)ri(τi(t)) ≥ 1

θj
γj(t)rj(τj(t)).

Assume, for simplicity that all DWS weights are set to 1
and all users send traffic at a constant rate. Thus, all out-
put rates will also be constant. From the flow conservation
property it follows that γi ≤ ri. The DWS fairness condition
can be simplified as follows:

Bi(t) > 0 ⇒ ∀j : γi/W (ri) ≥ γj/W (rj) (8)

It follows that if two flows i and j are backlogged, then

γi/W (ri) = γj/W (rj) = k (constant) (9)

We now prove some important properties of DWS schedul-
ing. Define the congestion characteristic function G(x, r) as:

G(x, r) =
N∑

i=1

min (x.W (ri), ri) . (10)

Define the rate constant κ for a link with a vector of input
rates r as :

κ =

{
C

W (C)
if

∑N
i=1 ri ≤ C

x : G(x, r) = C if
∑N

i=1 ri > C
(11)

Theorem 3.1 (Rate Constant). Rate constant κ as
defined in Eq 11 is unique and the output rate of flow i is
uniquely given by γi = min (κ.W (ri), ri).

The proof is provided in the Appendix. Hence, given the
input rates of flows, using the rate constant κ it is possible
to uniquely determine the output rate of any flow. We define
the fair rate f as follows:

f = {x : x = κ.W (x)} (12)

Lemma 3.1. The fair rate f as defined in Eq.12 is unique.

The proof is provided in the Appendix. The output rate γi

can be represented in terms of the fair rate as follows:

γi = min(W (ri)
f

W (f)
, ri) (13)

We now show that if the input rate of a flow is less than or
equal to the fair rate, then the flow will get all its bits trans-
mitted without loss, otherwise it will suffer a loss according
to the diminishing weight function W ().

Lemma 3.2. If ri ≤ f then γi = ri else γi = κ.W (ri) <
f .

Proof. Case 1 (ri ≤ f): Note that ri ≤ f ⇒ W (ri) ≥
W (f), since W () is a strictly decreasing function. Hence we
get ri/W (ri) ≤ f/W (f). Using Eq.12 we get ri ≤ κ.W (ri).
Therefore, γi = min(κ.W (ri), ri) = ri ≤ f .
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Case 2 (ri > f): In this case we get ri/W (ri) > f/W (f),
since W () is a strictly decreasing function. Use Eq.12 to get
ri > κ.W (ri). Therefore, γi = min(κ.W (ri), ri) = κ.W (ri).
Since κ = f/W (f) and W (f) < W (ri), we also have γi <
f .

The above behaviour is also evident from Figures 2 and
7. We say that a flow i contributes to a link’s congestion
iff ri > f . With DWS scheduling, the output rate of a
flow remains equal to its input rate as long as the flow does
not contribute to congestion. However, as soon as the flow
contributes to congestion its output rate begins to decline
according to the diminishing weight function W (). In DWS,
different weight functions can be chosen to meet specific
policy requirements. Observe from Figure 7 that the weight
function W (r) = 1/ log(r) imposes a very small penalty on
misbehaving flows and is very similar to WFQ whereas the
weight function W (r) = 1/r4 imposes very strict penalties.

The following result follows from Lemma 3.2

Corollary 3.1. The output rate for any flow i is less
than equal to the fair rate (γi ≤ f).

We now establish the relationship between the fair rate f ,
the link capacity C and the number of users N . It also
suggests that if all the users are equal (with equal DWS
weights), then the fair rate is indeed fair.

Lemma 3.3. Fair rate f is greater than or equal to C/N .

The proof is provided in the Appendix. From Lemmas
3.2 and 3.3, observe that if a user i’s input rate is C/N , its
output rate will also be equal to C/N (since ri = C/N ≤ f),
and hence DWS results in fair allocation of resources.

Lemma 3.4. If a flow i is experiencing losses (γi < ri),
then decreasing the flow’s input rate by a sufficiently small
amount will either increase its output rate, or leave it un-
changed (i.e. ∃δ > 0 s.t. if r′i = ri − δ then γ′

i ≥ γi.

The proof is provided in the Appendix.

Lemma 3.5. If a flow i is not experiencing losses, then in-
creasing the flow’s input rate by a sufficiently small amount
will either increase its output rate or leave it unchanged (i.e.
∃δ > 0 s.t. if r′i = ri + δ then γ′

i ≥ γi).

The proof is provided in the Appendix.
The above two lemmas establish that a flow experiencing

losses (γi < ri) may have an incentive to reduce its input
rate, whereas a flow experiencing no losses may have in-
centive to increase its input rate. This is very similar to
the behaviour of TCP’s increase/decrease algorithms which
increase input rate when there are no losses and decrease
the input rate as soon as losses are observed. Later in Sec-
tion 5 using simulations we show that different versions of
TCP actually do converge close to their fair rate when DWS
schedulers are deployed.

3.1 Packetized Diminishing Weight
Schedulers (PDWS)

In a network, traffic does not flow as a fluid. Instead it
flows as packets containing chunks of data that arrive at
discrete time boundaries. Therefore, a scheduler is needed

Buffers RIS SchedulerPacket
Collector

Output Link
packet
streams

Input

Figure 4: Hypothetical model for DWS with dis-
crete packet boundaries

that works with discrete packets. Packetized DWS is de-
rived from the DWS scheduler in the same way as packetized
GPS is derived from the GPS scheduler. Therefore the im-
plementation details of PDWS are very similar to those of
PGPS except for minor changes in equations computing the
timestamps. It should be straightforward to adapt PDWS
to the simplifications of PGPS like Virtual Clock [34], Self
Clocked Fair Queueing [13], WF2Q+ [33], Frame based Fair
Queueing (FFQ) [28], etc.

Denote the arrival time of the kth packet of flow i as ak
i and

the length of the kth packet of flow i as Lk
i . We model the

kth arrival of flow i as if it were fluid flowing at a rate rk
i =

Lk
i /(ak

i −ak−1
i ) in the interval (ak−1

i , ak
i ]. The rate of arrival

of all the bits of the packet is given by rk
i and therefore this

packet gets a GPS weight given by φk
i = θiW (rk

i ). RIS being
a special case of DWS has φk

i = θi/rk
i (since W (r) = 1/r for

RIS). A packet becomes eligible for service by the scheduler
only after its last bit has arrived, i.e., at time ak

i . We assume
that there is a hypothetical packet collector before the DWS
scheduler which collects all the bits of a packet and gives
them to DWS only when they become eligible (see Figure 4).

Now, we define the finish time of a packet as the time
when the last bit of the packet gets serviced in a hypothetical
DWS scheduler with a packet collector as shown in Figure 4.
PDWS is defined as the scheduler that schedules packets in
increasing order of their finish times.

Along the lines of PGPS implementation [31], PDWS is
based on the concept of system virtual time and virtual fin-
ish time of packets. The scheduler maintains a virtual time
function v(t). Upon a packet arrival, each packet is tagged
with a virtual finish time as follows:

F k
i = max

(
F k−1

i , v(ak
i )

)
+

Lk
i

φk
i

(14)

= max
(
F k−1

i , v(ak
i )

)
+

Lk
i

θiW (rk
i )

(15)

The packets are serviced in increasing order of their vir-
tual finish times. To compute the virtual time at any in-
stant, an emulation of hypothetical DWS system of Figure 4
is maintained which is similar to most PGPS implementa-
tions. When a packet k of flow i arrives, it is tagged with
a GPS weight of φk

i and is also given to the DWS emula-
tion. The emulation computes the virtual finish time of the
packet by Eq 15. The rate of change of virtual time with
real time is given by d(v(t))/dt = C/(

∑N
i=1 φi), where φi is

the GPS weight corresponding to the packet of flow i which
is currently in service in the DWS emulation.

In real practice traffic arrivals are bursty. Therefore, it is
better to use a smoothed arrival rate, instead of instanta-
neous arrival rates for GPS weight computation. The sched-
uler PDWS with α smoothing sets φk

i = θiW (r̂k
i ), where
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r̂k
i = αr̂k−1

i + (1 − α)rk
i . The value of α is taken such that

the half life of smoothing is of the order of one round trip
time (R) when packet size of Lmax is used to send traffic.
This gives:

α = 2−Lmax/(fR) (16)

where f is the fair rate of the flow.

4. PROPERTIES OF DWS
We now describe some desirable game-theoretic properties

of DWS Schedulers. In this section, for all results number
of users, N ≥ 2 unless otherwise specified.

4.1 Single Link
With DWS scheduling, the best strategy for each individ-

ual user is to send traffic at its fair rate. This is formally
illustrated in the following theorem.

Theorem 4.1. Consider a link of capacity C, shared by
N users, using DWS scheduling with unit DWS weights.
Then ∀iri = C/N is the unique Nash Equilibrium for the
system.

The proof is provided in the Appendix. The naive selfish
users will converge to a Nash Equilibrium. However, in case
a user (say a leader) had information about other users’ util-
ity functions or behaviours, scheduling and/or queue man-
agement policies at the gateways, it could choose a value for
its input rate and the other users would equilibrate to a Nash
Equilibrium in the N − 1 user subsystem. The leading user
can then choose its input rate based on which of these N −1
subsystem Nash Equilibria maximizes the leading user’s util-
ity. This is formally called a Stackelberg Equilibrium.

Definition 2 (Stackelberg Equilibrium). A strat-
egy profile σ∗ is a Stackelberg Equilibrium with user 1 leading
if:

1. it is a Nash Equilibrium for users 2 . . . N , i.e.
∀i∈[2,...,N],∀σi ∈ Si :

ui(σ
∗
1 , σ∗

i , σ∗
−1,−i) ≥ ui(σ

∗
1 , σi, σ

∗
−1,−i),

2. the leader’s utility is maximized, i.e.
∀σ1 ∈ S1, u1(σ

∗
1 , σ∗

−1) ≥ u1(σ1, σ̂−1), where σ̂−1 is
a Nash Equilibrium for users [2 . . . N ] when user 1
adopts the strategy σ1,

where Si is the set of strategies that user i can follow.

The leader’s utility at a Stackelberg Equilibrium is never
less than that in any other Nash Equilibrium. So a user with
more information may try to drive the system towards one
of its Stackelberg Equilibria. This can be avoided if Nash
and Stackelberg Equilibria coincide. We now show this to
be true for a single link with DWS scheduling.

Theorem 4.2. Consider a link of capacity C, shared by
N users, using DWS scheduling with unit DWS weights.
Then ∀iri = C/N is the unique Stackelberg Equilibrium for
the system.

The proof is provided in the Appendix. Since the unique
Nash and Stackelberg Equilibria coincide, a user will benefit
most by sending at its fair rate. Any user sending at a rate
higher than its fair rate will be penalized, and other users
can then receive a better output rate. This is characterized
by the concept of Nash rate.

Definition 3. Given a user with input rate r, define
Nash rate for the remaining users as:

η(r) =




(C − r)/(N − 1) if r ≤ C/N
x ≥ 0 : xW (r)/W (x)+
(N − 1)x − C = 0 otherwise.

(17)

We now discuss some properties of the Nash rate.

Lemma 4.1. The Nash rate (η(r)) is a strictly increasing
function of r in the range (C/N,∞).

Proof. For r ∈ (C/N,∞), we rewrite definition 17 in the
form

η(r) = x : W (r) = W (x)(
C

x
− (N − 1))

Since W () is strictly decreasing, r increases as x increases
and vice-versa. Also note that the value of x satisfying the
above equation for a given value of r is unique.

Lemma 4.2. The Nash rate is greater than or equal to
C/N i.e. η(r) ≥ C/N .

Proof. For r ≤ C/N , we see from the definition of Nash
rate (Eq. 17) that η(r) ≥ C/N .

For r > C/N , note from Lemma 4.1, that η(r) is increas-
ing in (C/N,∞). Also note that η(r) is continuous at C/N
(Eq. 17), and η(C/N) = C/N . Hence, η(r) ≥ C/N .

When a user sends at r, the best strategy for other users
is to send traffic at their Nash rate η(r). This is formally
stated in the following theorem.

Theorem 4.3. If a user (say user 1) sends at r1 then
∀i∈(2,N)ri = η(r1) is the unique Nash Equilibrium for the
remaining N − 1 users.

The proof is provided in the Appendix. Observe that
if a user sends at r1 ≤ C/N , thereby not contributing to
congestion, then the spare capacity is divided equally among
the others (η(r1) = (C − r1)/(N − 1)). If a user misbehaves
and sends traffic at a rate r1 > C/N , while other users
remain well behaved, then other users can safely increase
their rate upto η(r1), whereas the misbehaving user gets
penalized to its residual Nash rate ηR(r), defined as follows.

Definition 4. Given a user with input rate r, define its
residual Nash rate as:

ηR(r) = C − (N − 1)η(r) (18)

The following two lemmas illustrate that the more a user
contributes to congestion the more penalty it incurs.

Lemma 4.3. The residual Nash rate is less than or equal
to C/N i.e. ηR(r) ≤ C/N .

This immediately follows from Eq. 18 and Lemma 4.2.

Lemma 4.4. ηR(r) is strictly decreasing function of r in
the range (C/N,∞).

The proof immediately follows from Eq. 18 and Lemma 4.1.
A steep weight function results in severer punishment for

a user contributing to congestion and larger equilibrium out-
put rate for well behaving users. This is illustrated in Fig-
ure 5 which plots Nash rate and residual Nash rate for dif-
ferent diminishing weight functions. As can be easily ob-
served, a steeper weight function(W (r) = 1/r2) results in a
larger penalty as compared to a less steep weight function
(W (r) = 1/log(r)).
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Figure 5: Nash rate

4.2 Arbitrary Network of Links
Consider an arbitrary network servicing N flows. Assume

that DWS scheduling is deployed at every link in the net-
work. Assume that the input rate of each flow is constant.
Therefore, the input and output rates of users at every other
link will also be constant. Now, the input and output rate
of each flow at each link can be computed using Eq. 1, 12
and 13.

The following theorem establishes that even in an arbi-
trary network of links, max-min fair input rates constitute
a Nash as well a Stackelberg Equilibrium if DWS schedulers
are deployed at each link. Max-min fairness [4] is a well
known notion of fairness in an arbitrary network. Denote
by M, the 1×N vector of max-min fair rates of these flows
through this network.

Theorem 4.4. Consider N users sending their traffic as
N distinct flows through an arbitrary network with indepen-
dent DWS scheduling at each link. The max-min fair rates
M constitute a Nash as well as a Stackelberg Equilibrium
for the users.

The proof is provided in the Appendix. Furthermore, it
is not necessary that the same weight function be used at
each link. This makes it easier to adopt DWS in a heteroge-
nous environment with different administrative domains and
policies.

Besides M, there may be other equilibria also, and users
may try to affect which equilibrium to reach. In such a
case, it can be shown that at least one user will experience
losses in any other Nash Equilibria. This is illustrated in
the following Lemma.

Lemma 4.5. Consider N users sending their traffic as N
distinct flows through an arbitrary network with indepen-
dent DWS scheduling at each link. The max-min fair rates
M constitutes the unique Nash as well as the Stackelberg
Equilibrium in which there are no losses in the system.

The proof is provided in the Appendix. In general, a user’s
utility may also depend on its loss rate in addition to the
output rate. Out of many Nash Equilibrias giving the same
output rates, generally users will prefer one with smaller
losses. We formally define this class of utility functions (Uγl)
as follows:

10 Mbps 2ms

n2

n1n0

n3

n6

n5

n4

100 Mbps 30ms

100 Mbps 30ms

100 Mbps 30ms

100 Mbps 30ms

100 Mbps 30ms

Figure 6: Simulation Scenario

1. U ∈ Uγl maps a user’s output rate γ and loss-rate l to
a real-valued non-negative utility.

2. U(γ′, l) > U(γ, l) iff γ′ > γ.

3. U(γ, l′) < U(γ, l) iff l′ > l.

If all users have such utility functions, it turns out that
M is the unique Nash as well Stackelberg Equilibrium.

This is illustrated in the following theorem which is similar
to Theorem 4.1 and Theorem 4.2 for a single link.

Theorem 4.5. Consider N users sending their traffic as
N distinct flows through an arbitrary network with indepen-
dent DWS scheduling at each link. Let Ui be the utility func-
tion of user i. If ∀iUi ∈ Uγl, then the max-min fair rates
M constitutes the unique Nash and Stackelberg Equilibrium.

The proof is provided in the Appendix. Therefore the
“best selfish behaviour” for a user is to send traffic at its
max-min fair rate.

5. SIMULATION RESULTS
The results in the previous section imply that the “best

selfish behaviour” for a user in the presence of other similar
users is to send traffic at its max-min fair rate. However, the
max-min fair rate depends on (a) the link capacities, (b) the
number of flows through each link, (c) the input rate of other
flows and (d) the path of each flow. A user will not know
these parameters in general and thus will not be able to know
its max-min fair rate. However, from Lemmas 3.4 and 3.5 it
does seem that in case of a single link with DWS scheduling,
each iteration of a TCP style increase/decrease algorithm
with suitable parameters will bring input rates closer to the
fair rates. Therefore, if a single link with DWS scheduling
is modeled as a game, then TCP-like end user algorithms
seem to be reasonable strategies to play the game.

In this section we illustrate through simulations that the
different versions of TCP algorithms are indeed able to con-
verge to their max-min fair rate, (and at Nash rates in the
presence of misbehaving users), when DWS schedulers are
deployed in the network. The convergence to Nash rates is
also shown for different diminishing weight functions. More-
over, specific versions of TCP and the round trip times of
individual flows have little impact on the average output
rate of a flow. Therefore, DWS scheduling solves most of
the problems of congestion control in the presence of misbe-
having users [7, 8].
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5.1 Simulation Scenario
The simulation scenario is shown in Figure 6. The bottle-

neck link has a capacity of 10 Mbps and propagation delay
of 2 ms. There are five access links of capacity 100 Mbps
and propagation delay 30 ms.

The buffer size for a flow at each link was set to its round
trip delay- bandwidth product. PDWS with α smoothing,
per flow buffers and tail drop was used. NS [1] was used to
carry out all the simulations.

5.2 CBR flows
The bottleneck link is shared by five CBR flows, four of

which send traffic at a constant rate of 4 Mbps. The rate
of the fifth flow is varied from 0 Mbps to 7.2 Mbps. A plot
of its output rate vs. the input rate for various schedul-
ing algorithms and buffer management policies is shown in
Figure 7.

This is a scenario of heavy congestion. Note from Figure 7,
that with DWS scheduling the flow is able to receive its fair
rate as long as it does not cause congestion. The flow starts
receiving a penalty when its input rate exceeds the fair rate.
The amount of penalty depends on the weight function W ().
Note that the penalties are higher with W (r) = 1/r4 and
lower with W (r) = 1/ log(r).

5.3 TCP with unresponsive flows
A flow that does not change its input rate during conges-

tion is referred to as an unresponsive flow [7]. Responsive
flows back off by reducing their sending rate upon detect-
ing congestion while unresponsive flows continue to inject
packets into the network thereby grabbing a larger share of
the bandwidth. As a result the presence of unresponsive
flows gives rise to unfairness in bandwidth allocation. With
PDWS scheduling deployed, we show that TCP style AIMD
algorithms can estimate and send traffic at their max-min
fair rate (or Nash rate) even in the presence of misbehaving
flows.

The bottleneck link is shared by 5 users, 4 using (re-
sponsive) TCP Tahoe and one unresponsive constant bit
rate (CBR) source. Responsive TCP flows back off during
congestion while unresponsive CBR flows continue to inject
packets into the network thus attempting to grab a larger
share of the bandwidth. Figure 8 shows the average output
rates for a representative TCP flow as the input rate of the
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Figure 8: DWS Performance in the presence of TCP
and CBR flows

CBR flow is varied. Each point in the graph represents a
simulation of 20 seconds. However, the output rates cor-
respond to the average rate in the last 10 seconds of the
simulation when they get stabilized.

Figure 8 shows that TCP flows are able to get close to
their Nash rate (shown in Figure 5) and hence to their Nash
Equilibrium (according to Theorem 4.3).

Note that with W (r) = 1/ log(r) the output rate of CBR
flow is greater than that of the TCP flow. This is because
the inverse log weight function gives very little penalty to
the misbehaving CBR flow and is very similar to WFQ. The
bandwidth left by TCP because of timeouts and retransmits
is grabbed by the CBR flow despite its (slightly) small GPS
weight. As CBR increases its rate further, the penalty slowly
increases allowing TCP to grab a larger share.

5.4 TCP Versions
Different versions of TCP like Tahoe, Reno [21], Vegas [5],

and Sack [20] are known to perform differently [21]. We show
that with DWS scheduling there is very little difference in
the output rates achieved by these versions. The simulation
scenario is shown in Figure 6 with different versions of TCP
at n2, n3, n4 and n5. Packetized rate inverse scheduler
(PRIS) was used at the bottleneck link. Figure 9 shows
the total bytes of a flow transferred as a function of time.
The output rate is given by the slope of the graph. Since
the slopes are almost identical we see that all versions get
identical rates.

5.5 Multiple vs Single Connection
Opening multiple simultaneous connections is a very sim-

ple way to grab more bandwidth from simple FCFS (drop-
tail) gateways. The simulation scenario is shown in Figure 6
with FCFS employed at node n0. The users at nodes n2, n3,
n4, n5 and n6 open 1, 2, 3, 4 and 5 TCP Reno connections
to node n1 respectively.

Typically, a user opening more simultaneous connection
is able to grab more bandwidth. However, this is not the
case with DWS scheduling when all the TCP connections of
a user are treated as a single flow. Figure 10 shows a plot of
bytes transferred vs. time when PRIS is deployed at node
n0. We see that all users get an almost identical bandwidth.

5.6 TCP with different Round Trip Times
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The Round Trip Time (RTT) of a TCP connection de-
termines how fast it adapts itself to the current state of the
network. A connection with smaller RTT is able to infer the
status of the network earlier than a connection with larger
RTT. Therefore, large RTT connections typically achieve
lower output rates.

The simulation scenario is the same as shown in Figure 6
except that the propagation delays of links (n2-n0), (n3-
n0), (n4-n0), (n5-n0) and (n6-n0) are set to 5, 10, 20, 50,
100 ms respectively. PRIS scheduler was used and the value
of α was taken to be 0.9 which corresponds to the α of the
minimum RTT flow according to Eq 16. Figure 11 shows
that when PRIS is deployed, after a few transients initially,
all flows are able to achieve almost identical rates.

5.7 Network
In this section we show that with DWS scheduling de-

ployed in a network adaptive flows like TCP are able to
estimate and converge to their max-min fair rates. The sim-
ulation scenario is shown in Figure 12. There are 6 TCP
Reno flows. The paths of flows 0, 1, 2, 3, 4, and 5 are
(n0-n2-n1), (n4-n3-n5), (n0-n2-n3-n4), (n1-n2-n3-n5), (n0-
n2-n3-n5) and (n1-n2-n3-n4) respectively. The buffer size
of each flow on each gateway was taken to be 300 packets
which is the bandwidth delay product of the flow with the
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largest RTT. For this scenario the max-min fair rate [4] for
flows 0 and 1 is 5 Mbps and for flows 2, 3, 4, and 5 is 2.5
Mbps.

Figure 13 shows a plot of output rate vs. time for all
6 flows. We see that after some initial transients all flows
converge to their max-min fair rates.

6. CONCLUSIONS
Using the techniques of game-theory, we showed that the

current resource sharing mechanisms in the Internet either
encourage congestion causing behaviour, or are oblivious to
it. While these mechanisms may be adequate currently,
their applicability in the future remains questionable. With
growth, heterogeneity and commercialization of the Inter-
net, the assumption of end-users being cooperative might
not remain valid. This may lead to a congestion collapse of
the Internet due to selfish behaviour of the end-users.

We proposed a class of switch scheduling algorithms by
the name Diminishing Weight Schedulers (DWS) and showed
that they encourage congestion avoiding behaviour and pun-
ish behaviours that lead to congestion. We showed that for
a single link with DWS scheduling, fair rates constitute the
unique Nash and Stackelberg Equilibrium. We also showed
that for an arbitrary network with DWS scheduling at every
link, the max-min fair rates constitute a Nash as well as a
Stackelberg Equilibrium. Therefore, when DWS schedulers
are deployed, even the selfish users will try to estimate their
max-min fair rate and send traffic only at that rate.

It is possible to set different DWS weights for different
users (or traffic classes). This should lead to (in a game-
theoretic manner) weighted fair sharing in case of a single
link and weighted max-min fair sharing in case of a network.
These weights may be set in accordance with the pricing or
other resource sharing policies.

We defined the concept of Nash rate and showed how
the choice of different weight functions can affect the
reward-penalty profile of DWS. With the 1/r2 diminishing
weight function, the penalty imposed is large, whereas with
1/ log(r) diminishing weight function, the behaviour of DWS
is only marginally different from that of GPS which imposes
no penalty. Therefore DWS may also be viewed as a gen-
eralization of GPS scheduling with suitable game-theoretic
properties. DWS does not require different nodes to use the
same weight function. Therefore, it is well suited for het-
erogenous environment consisting of different administrative
domains, where each domain may independently choose a
diminishing weight function according to its administrative
policies.

Although the max-min rate constitute Nash and Stackel-
berg Equilibrium, it is not clear how users can estimate their
max-min fair rates. For this, a decentralized distributed
scheme such as the one is proposed [15] is required. More-
over one needs to establish that such a distributed scheme
will be stable and will indeed converge to the max-min fair
rates when DWS schedulers are deployed in the network.
This is a topic under investigation. Our current paper does
not address this issue in a theoretical framework. Also, in
this paper we assumed that the input rate of every user is
constant. With a distributed scheme to estimate the max-
min fair rate, this assumption will not remain valid. Ana-
lyzing DWS scheduling with dynamically changing rates is
another open problem.

We believe that, it should be possible to design distributed

algorithms that are stable and converge to the max-min fair
rates in presence of DWS scheduling. It seems that additive
increase and multiplicative decrease algorithms (such as the
one followed by TCP) with proper engineering may perform
well with DWS scheduling.

Using simulations we showed that in a network with DWS
scheduling, most of the TCP variants are able to estimate
their max-min fair rate reasonably well, irrespective of their
versions and round trip times (RTT). We also showed that
with DWS, the TCP users indeed get rewarded according to
their Nash rates in the presence of unresponsive, misbehav-
ing CBR flows which get punished.

Our proposed model requires per-flow queueing and
scheduling in the core routers, which may not be very easy
to implement in a realistic situation. However, this work
presents a significantly different view of resource sharing and
congestion control in communication networks and gives a
a class of scheduling algorithms that can be used to solve
the problem in a game-theoretic framework. Based on this
work, one may be able to design “core stateless” policies [29]
with similar properties.
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9. APPENDIX
Before proceeding to the proofs of our main theorems, we

prove certain properties.

Lemma 9.1. The congestion characteristic function
G(x, r), as defined in Eq. 10, is a strictly increasing func-
tion of x in (0, kmax) and is constant in [kmax,∞), where
kmax = max0≤i≤N{ri/W (ri) }.

Proof. Note that

x < x′ ⇒,∀j : min(x.W (rj), rj) ≤ min(x′.W (rj), rj). (19)

Therefore, G(x, r) ≤ G(x′, r).
Consider x ∈ (0, kmax), since 0 < x < kmax, ∃i s.t. x <

ri/W (ri) by definition of kmax. Therefore, min(x.W (ri), ri)
= x.W (ri). Hence for x < x′ < kmax, we get min(x.W (ri),
ri) < min(x′.W (ri), ri). For all other flows j Eq. 19 holds.
Hence summing over all flows we get G(x, r) < G(x′, r).

Now consider x ∈ [kmax,∞), since x ≥ kmax we get ∀i x ≥
ri

W (ri)
. Therefore, ∀i min(x.W (ri), ri) = ri. The same holds

for any x′ > x. Hence we get, ∀i min(x.W (ri), ri) =
min(x′.W (ri), ri) = ri. Summing over all flows we get

G(x, r) = G(x′, r) =
∑N

i=1 ri

Proof. Theorem 3.1: [Uniqueness of κ] If
∑N

i=1 ri ≤
C, then κ is unique by definition. Using Lemma 9.1, G(x, r)
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is a monotonically increasing function of x in the domain
(0, kmax). Now if

∑N
i=1 ri > C then G(kmax, r) =

∑
i ri >

C. Since κ satisfies G(x, r) = C, using Lemma 9.1, κ <
kmax. Therefore, κ is unique.
[Output rate] If

∑N
i=1 ri ≤ C, from the flow conserva-

tion and the work conservation properties of DWS sched-
uler, γi = ri ≤ CW (ri)/W (C), (since ri ≤ C and W ()
is strictly decreasing). Since κ = C/W (C), it follows that
γi = min (κ.W (ri), ri).

If
∑N

i=1 ri > C, then there must exist at least one flow i
such that γi < ri. Flow i will have a non-zero backlog. From
the DWS fairness property, Eq. 9, we have γi = k.W (ri) <
ri. It follows that

γi = min (k.W (ri), ri) . (20)

Now consider a flow j such that γj = rj . From DWS
fairness, Eq. 8, we get γj/W (rj) ≤ k. Therefore, γj = rj ≤
k.W (rj). It follows that

γj = min (k.W (rj), rj) . (21)

Since the scheduler has a positive backlog, from the flow
conservation and work conservation properties of DWS,∑N

i=1 γi = C. Substituting values of γis of backlogged flows
from Eq. 20 and γis of non-backlogged flows from Eq. 21,
we get :

N∑
i=1

min (k.W (ri), ri) = C.

Since the rate constant κ is unique value satisfying the
equation G(x, r) = C, we get k = κ. Therefore: γi =
min(κ.W (ri), ri) for all flows i.

Proof. Lemma 3.1: From Theorem 3.1, κ is unique. We
show the uniqueness of f using contradiction. Suppose f
is not unique then there are 2 distinct points x1 and x2

which satisfy x = κ.W (x). Since x1 and x2 are distinct,
WLOG assume that x1 < x2. Since x1 = κ.W (x1) and
x2 = κ.W (x2) we get W (x1) < W (x2) (note κ is always
positive). However, since W () is strictly decreasing x1 <
x2 ⇒ W (x1) > W (x2) which leads to a contradiction. Hence
f is unique.

Proof. Lemma 3.3: If
∑N

i=1 ri ≤ C then κ = C/W (C).
Using Eq. 12 we get f/W (f) = C/W (C). Hence f = C ≥
C/N .

If
∑N

i=1 ri > C, then from Corollary 3.1, f ≥ γi. Sum-

ming over all flows we get fN ≥ ∑N
i=1 γi. But from the

flow conservation and work conservation properties of DWS
scheduler

∑N
i=1 γi = C, therefore f ≥ C/N .

Proof. Lemma 3.4: WLOG assume that flow 1 is ex-
periencing losses, i.e. r1 > f > γ1, where f is the fair
rate which satisfies f = κW (f). Now

∑
i ri > C, other-

wise ∀iγi = ri. The rate constant κ satisfies G(κ, r) = C.
Now let δ = r1 − f . Then the new input rate of flow 1 is
r′1 = r1 − δ = f . Let the new rate vector be r′.

Consider G(κ, r′). Since min(r′1, κW (r′1) = min(f, f) =
f > γ1, it follows that G(κ, r′) > G(κ, r) = C. Using
Lemma 9.1, G(x, r) is an increasing function of x, it follows
that κ′ < κ.

Now ∀N
2 γ′

i = min(ri, κ
′W (ri)) ≤ min(ri, κW (ri)) = γi,

since κ′ < κ. Now γ′
1 = C − ∑N

2 min(ri, κ
′W (ri)) ≥ C −∑N

2 min(ri, κW (ri)) = γ1.

Proof. Lemma 3.5: WLOG assume that flow 1 is not
experiencing losses, i.e. r1 = γ1 < f , where f is the fair rate
which satisfies f = κW (f). The rate constant κ satisfies
G(κ, r) = C. Three cases arise:

Case 1:
∑

i ri < C : Flow r1 can increase its input rate by
an amount C − ∑

i ri and get a better output.

Case 2:
∑

i ri = C : In this case, ∀iγi = ri. Now let
r′1 = r1 + δ. The other flows do not change their in-
put rates, i.e. ∀iri remains unchanged. Then γ′

1 = C −∑
i=2..N γ′

i ≥ C−∑
i=2..N ri = γ1, since ∀i=2..Nγ′

i ≤ ri.
Hence the output of flow 1 will may increase or remain
the same.

Case 3:
∑

i ri > C : Now the rate constant κ satisfies
G(κ, r) = C. Now let δ = f − r1. Then the new
input rate of flow 1 is r′1 = r1 + δ = f . Let the new
rate vector be r′.
Consider G(κ, r′). Since min(r′1, κW (r′1) = min(f, f)
= f > γ1, it follows that G(κ, r′) > G(κ, r) = C. Using
Lemma 9.1, G(x, r) is an increasing function of x, it
follows that κ′ < κ.

Now ∀N
2 γ′

i = min(ri, κ
′W (ri)) ≤ min(ri, κW (ri)) =

γi, since κ′ < κ. Now γ′
1 = C−∑N

2 min(ri, κ
′W (ri)) ≥

C − ∑N
2 min(ri, κW (ri)) = γ1.

This completes the proof.

Lemma 9.2. If the input rate of flow j is decreased to r′j
from rj (r′j < rj), then either γ′

j ≥ γj or γ′
j = r′j .

Proof. If
∑N

i=1 ri ≤ C, then we have ∀iγi = ri, from the
flow conservation and work conservation properties of the
DWS scheduler. If rj is decreased to r′j , then

∑N
i=1(i�=j) ri +

r′j ≤ C still holds. Therefore, γ′
j = r′j even now.

We now consider the case when
∑N

i=1 ri > C. Again from
the flow conservation and work conservation properties of
the DWS scheduler, we have

∑N
i=1 γi = C. Using Lemma 3.2

we get
∑

m rm +
∑

n κ.W (rn) = C where for all flows m,
rm ≤ f and for all flows n, rn > f . Therefore,

κ =
C − ∑

m rm∑
n W (rn)

(22)

We see that the value of κ also changes to κ′ on changing
the value of rj . We have the following cases:

Case 1 (rj ≤ f): Since rj ≤ f , j is one among the m
flows. We rewrite Eq. 22 in the form

κ =
C − ∑

m(m�=j) rm − rj∑
n W (rn)

(23)

Hence we see that κ increases on decreasing rj , and hence f
also increases (using Eq. 12). Therefore, r′j < rj ≤ f < f ′.
Since r′j < f ′, using Lemma 3.2 we get γ′

j = r′j .
Case 2 (rj > f): Since rj > f , j is one among the n

flows. We rewrite Eq. 22 in the form

κ =
C − ∑

m rm∑
n(n�=j) W (rn) + W (rj)

(24)
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We again have two cases, if r′j ≤ f ′, then using Lemma 3.2
γ′

j = r′j . If r′j > f ′, we show that γ′
j > γj . Define the

residual capacity by Cres = C − ∑
m rm. Since rj > f and

r′j > f ′ we have:

γj = κ.W (rj) =
Cres

( 1
W (rj )

∑
n(n�=j) W (rn) + 1)

(25)

γ′
j = κ′.W (r′j) =

Cres

( 1
W (r′

j )

∑
n(n�=j) W (rn) + 1)

(26)

using Eq. 24. Since rj > r′j and W () is a strictly decreasing
function, we get γ′

j > γj .

Lemma 9.3 (Flow removal). If
∑N

i=1,i�=j ri > C−γj

then removal of flow j and adjustment of link capacity as
C′ = C − γj does not change the rate constant κ or the fair
rate f .

Proof. From Theorem 3.1, rate constant κ satisfies
G(κ, r) = C. Rewrite the above equation in the form

N∑
i=1(i�=j)

min (κ.W (ri), ri) = C − γj (27)

Substitute the new capacity C′ and the new rate vector r′ in
the above equation to get G(κ, r′) = C′. Since

∑N
i=1,i�=j ri >

C′, and κ is the unique rate satisfying G(κ, r′) = C′, the rate
constant κ remains unaffected by removing flow j.

Since the rate constant κ is unaffected, the fair rate f also
remains unchanged.

Lemma 9.4. If r > C/N then: (1). η(r) < r and (2).
∀r : r1 = r, f(r) ≥ η(r) > C/N .

Proof. If r > C/N then η(r) satisfies:

xW (r)

W (x)
+ (N − 1)x = C (28)

Since LHS is a strictly increasing function of x, it is easy to
see that there is exactly one positive real root of the above
equation.

1. Suppose η(r) ≥ r. Then LHS of equation 28 becomes
η(r)W (r)
W (η(r))

+ (N − 1)η(r) ≥ Nr > C since W () is a de-

creasing function and r > C/N . So equation 28 can
never be satisfied. Hence η(r) < r.

2. Consider an arbitrary rate r′ ≥ η(r). Since W ()

is a diminishing weight function, W (r′)
W (η(r))

≤ 1.

Therefore, η(r) W (r′)
W (η(r))

≤ η(r) ≤ r′ and hence:

min(r′, η(r) W (r′)
W (η(r))

) ≤ η(r).

Now consider an r′ < η(r). Clearly, min(r′,
η(r) W (r′)

W (η(r))
) = r′ ≤ η(r). Therefore, for any rate r′,

min(r′, η(r)
W (r′)

W (η(r))
) ≤ η(r) (29)

Also,

min(r1, η(r)
W (r1)

W (η(r))
) = η(r)

W (r)

W (η(r))
(30)

Substituting r′ = ri in Eq. 29 and summing over i =
2..N and adding Eq. 30, we get:∑N

i=1 min(ri, η(r) W (ri)
W (η(r))

) ≤ η(r) W (r)
W (η(r))

+(N−1)η(r).

Substituting from Eqs. 10 and 17, we get G( η(r)
W (η(r))

, r)

≤ C. From the above equation and from the definition
of κ in Eq. 11, and the fact that G(x, r) is an increasing

function of x, it is easy to see that κ ≥ η(r)
W (η(r))

. From

Eq. 12, f = κW (f) and hence f
W (f)

≥ η(r)
W (η(r))

.

Since W () is a monotonically decreasing function, no
f < η(r) can satisfy the above equation. Hence f ≥
η(r).

This completes the proof.

Proof. Theorem 4.1: [Nash Equilibrium] Let ∀iri =
C/N . Then ∀iγi = C/N since f ≥ C/N always. WLOG,
suppose that user 1 changes its input rate to r′1.

Case 1: r′1 < C/N: Clearly, γ1 < C/N .

Case 2: r′1 > C/N: Now
∑N

i=1 ri > C, so the scheduler
will have a positive backlog. From Lemma 3.3, f ≥
C/N . Now ∀i∈(2..N)ri = C/N , so from Lemma 3.2,
∀i∈(2..N)γi = C/N . So, from the flow conservation
and work conservation properties of DWS γ1 = C −∑

i∈(2..N) γi = C/N .

So user 1 can never increase its output rate by unilater-
ally changing its input rate. Hence ∀iri = C/N is a Nash
Equilibrium.
[Uniqueness] Assume WLOG a vector for input rates r
constituting a Nash Equilibrium, s.t r1 �= C/N . There are
two cases:

Case 1: ∃iri < C/N: Here γi < C/N . So by increasing ri

to C/N , γi can be increased to C/N . Therefore r does
not constitute a Nash Equilibrium.

Case 2: ∀iri ≥ C/N and r1 > C/N: WLOG, assume
that r1 = max(r1, r2, ...rN ) > C/N . There are three
sub-cases:

(a) ∃i≥2γi < η(r1): Using Lemma 9.4, ∀r2,r3...rN f ≥
η(r1). So by making ri = η(r1), γi can be increased
to η(r1) (Lemma 3.2).

(b) ∀i≥2γi = η(r1): γ1 = C − ∑
i∈(2,N) γi = C − (N −

1)η(r1) < C/N . So by making r1 = C/N , γ1 can
be increased to C/N .

(c) ∀i≥2γi ≥ η(r1) and ∃j≥2γj > η(r1): It is easy to
see that f < rmax = r1. From Lemma 9.4 f ≥
η(r1). Now f = κW (f) and since η(r1) ≤ f , it fol-
lows that η(r1) < κW (η(r1)). So γ1 = κW (r1) ≥
η(r1)W (r1)
W (η(r1))

. Now
∑

i γi = γ1 + γj +
∑

i≥2,i�=j γi >
η(r1)W (r1)
W (η(r1))

+η(r1)+(N −2)η(r1) = C. So this case

is not possible.

It follows that ∀iri = C/N is a unique Nash Equilib-
rium.

Proof. Theorem 4.3: There are two cases:

Case 1: r1 ≤ C/N : In this case γ1 = r1, irrespective of
the value of r1 because f ≥ C/N . From Lemma 9.3,
removing flow 1 will neither change the rate constant κ
nor the fair rate f . The spare capacity Cres = C − r1,
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will be divided among the remaining users. Using The-
orem 4.1, the unique Nash Equilibrium for the remain-
ing users is when each sends at Cres/(N − 1) which is
η(r1).

Case 2: r1 > C/N : Let ∀i∈(2,N)ri = η(r1). We now show
that this vector of input rates constitute a Nash Equi-
librium for the remaining users. Using Lemma 9.4,
f ≥ η(r1) so γi∈(2,N) = η(r1). WLOG, assume that
user 2 deviates its rate from r2 = η(r1) to r′2. There
are the following two sub-cases:

(a) r′2 < η(r1): Here γ′
2 = r2 < η(r1). So clearly this

cannot be a Nash Equilibrium.

(b) r′2 > η(r1): If f ′ is the new fair rate, then f ′ ≥
η(r1). Since W (x, r) is a decreasing function of x,

we get κ′ = f ′
W (f ′) ≥ η(r1)

W (η(r1))
. Now using Eq. 30,

γ′
1 = min(r1, κ

′W (r1)) = κ′W (r1) ≥ η(r1)W (r1)
W (η(r1))

and so γ′
2 = C − ∑

i�=2 γ′
i ≤ C − ( η(r1)W (r1)

W (η(r1))
+

(N − 2)η(r1)) = η(r1). So the output rate of user
2 cannot increase when it deviates from r. Hence r
is a Nash Equilibrium for the N - 1 user subsystem.

We now show that the above Nash Equilibrium is
unique. Consider any other input rate profile r′. Let
γ′ be the corresponding output rate profile. There are
two sub-cases:

(a)
∑N

1=1 γ′
i < C: Clearly ∃j s.t. γ′

j = r′j < C/N .
Now, r′j can be increased to C/N to get an output
rate of C/N . So this cannot be a Nash Equilibrium.

(b)
∑N

i=1 γi = C and ∃i∈(2,N)ri �= η(r1): Since f ≥
η(r1) and W (x, r) is an increasing function of x,

we get κ = f
W (f)

≥ η(r1)
W (η(r1))

. Using Eq. 30, we

get γ1 = f
W (f)

W (r1) ≥ η(r1)
W (η(r1))

W (r1). From the

flow conservation and work conservation proper-

ties,
∑

i∈(2,N) γi = C − γ1 ≤ C − η(r1)
W (η(r1))

W (r1) =

(N − 1)η(r1). ⇒ ∃jγj ≤ ‘η(r1). Since by making
rj = η(r1), γj can be made equal to η(r1), this
can never be a Nash Equilibrium for the N-1 user
subsystem.

Hence if user 1 sends at r1, then ∀i∈(2,N)ri = η(r1) is the
unique Nash Equilibrium for the remaining N-1 users.

Proof. Theorem 4.2: WLOG assume that user 1 be-
comes the leader and sends at r1 in a Stackelberg Equilib-
rium.

Case 1: r1 < C/N and γ1 < C/N : This cannot be the
case since f ≥ C/N and making r′1 = C/N makes
γ′
1 = C/N > γ1.

Case 2: r1 > C/N : Using Theorem 4.3, the unique Nash
Equilibrium for the remaining flows is when the input
and output rate of each of the N-1 users is equal to
η(r1). From Lemma 9.4 η(r1) > C/N ⇒ γ1 ≤ C −∑

i∈(2,N) γi = C − (N − 1)η(r1) < C − (N − 1)C/N =

C/N . This cannot be a Stackelberg Equilibrium as
making r′1 = C/N makes γ′

1 = C/N > γ1. The only
case left is the following.

Case 3: r1 = C/N : γ1 = C/N since f ≥ C/N always.

So every Stackelberg Equilibrium will have r1 = C/N . Since
the unique Nash Equilibrium for other flows is ∀i∈(2,N)ri =
η(r1) = C/N , it follows that the only Stackelberg Equilib-
rium is when ∀iri = C/N .

Before proving Lemma 4.5 we give a brief overview of max-
min fair rate computation in an arbitrary network. Let C�

denote the capacity of link 
 and N� denote the number
of flows passing through link 
. Let F� be the set of flows
passing through link 
.

The algorithm to compute max-min fair rates [4] works as
follows. At every stage k (k is initially 1), it finds the min-
imum bottleneck link 
 s.t. for all other links 
′, Ck

� /Nk
� ≤

Ck
�′/N

k
�′ . WLOG, it labels this link as 
k. For all residual

flows P k passing through 
k (k = 1), it assigns max-min fair
rates Mi∈P k = Ck

� /Nk
� , where Ck

� and Nk
� are respectively

the residual capacity and the residual number of flows pass-
ing through the link 
k. The link 
k and all the flows in P k

are removed and the residual capacities and residual number
of flows of all the other links are updated as follows:

Ck+1
� = Ck

� −
∑

i∈P k,i∈F�

Mi (31)

Nk+1
� = Nk

� −
∑

i∈P k,i∈F�

1 (32)

Initially, C1
� = C� and N1

� = N�. The algorithm termi-
nates when there are no more flows to be removed.

Proof. Lemma 4.5: Consider the set of flows F�1

through the minimum bottleneck link 
1.

Claim 1. In any Nash or Stackelberg Equilibrium without
losses, flows i ∈ F�1 will have ri = γi = C�1/N�1 .

Proof. Since there are no losses, ∀iγi = ri and∑
i∈F�1

ri ≤ C�1 .

Assume for contradiction, ∃i ∈ F�1 s.t. ri < C�1/N�1 .
Since 
1 is the minimum bottleneck link, the fair rate f� of

any other link 
 as defined by Eq. 12 is greater than or equal
to C�1/N�1 . Set r′i equal to C�1/N�1 and the new output rate
at each link will satisfy γ′

i = r′i > γi. So this profile of rates
cannot constitute a Nash Equilibrium.

Now assume WLOG, that flow 1 ∈ F�1 becomes the leader
in a Stackelberg Equilibrium. If r1 = C�1/N�1 , then using a
similar argument as above, Nash Equilibrium of the remain-
ing flows i ∈ F�1 , i �= 1 is when ri = C�1/N�1 . In this case γ1

becomes equal to C�1/N�1 . So any Stackelberg Equilibrium
with flow 1 as leader should have γ1 ≥ C�1/N�1 .

If r1 > C�1/N�1 then the Nash rate of the remaining flows
will be at-least C�1/N�1 . Therefore flow 1 will have losses.
Hence the proof.

To extend Claim 1 to the subsequent bottleneck links,
we use the flow removal property of Lemma 9.3. Since the
flows in F�1 do not get any losses, they may be removed
from the network without changing the fair rate f and the
rate constant κ at any other link.

Therefore we have the following property:
In any Nash or Stackelberg Equilibrium without losses,

any flow i ∈ F�k
s.t. i /∈ F�k′ where k′ < k will have

γi = ri = Ck
�k

/Nk
�k

= Mi. This is the set of max min
fair rates and will hence constitute the unique Nash and
Stackelberg Equilibrium without losses.

Proof. Theorem 4.4: Follows directly from
Lemma 4.5.
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Lemma 9.5. Let Ui be the utility function for user i. If
∀iUi ∈ Uγl, then in any Nash or Stackelberg Equilibrium,
no user will experience losses.

Proof. [Nash Equilibrium]: Suppose that for user i,
γi < ri. So the loss-rate is li = ri − γi > 0. If user i changes
its input rate to r′i = γi, its input rate at the first link is
decreased. Using Lemma 9.2 if the output rate should either
stay the same, or increase, or become equal to the new input
rate. Since r′i = γi, the output rate at this link becomes
equal to its new input rate, γi. The same argument applies
to all the following links in the path. Therefore γ′

i = γi. The
new loss rate is therefore zero. Since loss rate is decreased
and output rate is same as before, user i’s utility increases.
So in any Nash Equilibrium, no user can have losses.
[Stackelberg Equilibrium]: In any Stackelberg Equilib-
rium, the leader cannot have any losses, else it can increase
its utility by decreasing the input rate to its current output
rate. All the other flows are in Nash Equilibrium, so by a
similar argument they also cannot have any losses.

Proof. Theorem 4.5: From Lemma 9.5, any Nash or
Stackelberg Equilibrium with utility functions Ui ∈ Uγl can-
not have losses. If the loss rate is zero, then the a user’s
utility becomes only a function of its output rate and hence
belongs to Uγ . Then using Lemma 4.5, it follows that the
unique Nash and Stackelberg Equilibrium is at M.
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