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ABSTRACT
Recentempirical studies[6] have shown that Internettopologies
exhibit power laws of the form �����	� for the following rela-
tionships:(P1)outdegreeof node(domainor router)versusrank;
(P2)numberof nodesversusoutdegree;(P3)numberof nodepairs
within a neighborhoodversusneighborhoodsize (in hops); and
(P4) eigenvaluesof the adjacency matrix versusrank. However,
causesfor the appearanceof suchpower laws have not beencon-
vincingly given. In this paper, we examinefour factorsin the for-
mationof Internettopologies.Thesefactorsare(F1) preferential
connectivity of a new node to existing nodes; (F2) incremental
growth of the network; (F3) distribution of nodesin space;and
(F4) locality of edgeconnections.In syntheticallygeneratednet-
work topologies,we studythe relevanceof eachfactorin causing
theaforementionedpower lawsaswell asotherproperties,namely
diameter, averagepathlengthandclusteringcoefficient. Different
kindsof network topologiesaregenerated:(T1) topologiesgener-
atedusingour parametrizedgenerator, we call BRITE1; (T2) ran-
dom topologiesgeneratedusing the well-known Waxmanmodel
[12]; (T3) Transit-Stubtopologiesgeneratedusing GT-ITM tool
[3]; and(T4) regulargrid topologies.We observe thatsomegener-
atedtopologiesmaynot obey power lawsP1andP2.Thus,theex-
istenceof thesepower lawscanbeusedto validatetheaccuracy of
agiventool in generatingrepresentativeInternettopologies.Power
laws P3andP4wereobservedin nearlyall consideredtopologies,
but different topologiesshowed differentvaluesof the power ex-
ponent 
 . Thus,while the presenceof power laws P3 andP4 do
not give strongevidencefor the representativenessof a generated
topology, thevalueof 
 in P3andP4canbeusedasa litmus test
for the representativenessof a generatedtopology. We also find
that factorsF1 andF2 arethekey contributorsin our studywhich
provide theresemblanceof our generatedtopologiesto thatof the
Internet.
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1. INTR ODUCTION
The accuratecharacterizationof Internettopologiesis key to the
successfulmodelingandanalysisof the Internetandits protocols
[9]. Internetstudiesusuallyassumecertaintopologiesor usesyn-
theticallygeneratedtopologies.Thesetopologiesmustreflectprop-
erties(or invariants)empirically foundin theactualexisting struc-
tureof theInternet;otherwise,correctconclusionscannotbedrawn.

Recently[6], it wasobservedthatactualInternettopologiesexhibit
power laws of the form ���
� � for the following relationships:
(P1)outdegreeof node(domainor router)versusrank; (P2)num-
berof nodesversusoutdegree;(P3)numberof nodepairswithin a
neighborhoodversusneighborhoodsize(in hops);and(P4)eigen-
valuesof theadjacency matrixversusrank.However, causesfor the
appearanceof suchpower lawshavenotbeenconvincingly given.

In this paper, we considerfour factorsin the formation of Inter-
net topologies. Thesefactorsare (F1) preferentialconnectivity;
(F2) incrementalgrowth; (F3) geographicaldistribution of nodes;
and(F4) locality of edgeconnections.F1dictatesthetendency of a
new nodeto connectto thoseexistingnodesthathavehigheroutde-
grees.F2dictatesthatnew nodesjoin theInternetin anincremental
way. F3 determineshow nodesaredistributedin space— in this
paper, we considerrandomandheavy-taileddistribution of nodes.
Finally, F4dictatesthetendency of anew nodeto connectto nearby
nodesinsteadof far-awaynodes.

In syntheticallygeneratednetwork topologies,we study the rele-
vanceof eachfactorin causingtheaforementionedpower laws as
well asotherproperties,namelydiameter, averagepathlengthand
clusteringcoefficient. Different kinds of network topologiesare
generated:(T1) topologiesgeneratedusingour parametrizedgen-
eratorBRITE; (T2) randomtopologiesgeneratedusingthe well-
known Waxmanmodel [12]; (T3) Transit-Stubtopologiesgener-
atedusingGT-ITM tool [3]; and(T4) regulargrid topologies.We
observe thatsomegeneratedtopologiesdonotobey power lawsP1
andP2. Thus, the existenceof thesepower laws canbe usedto
validatethe accuracy of a given tool in generatingrepresentative
Internettopologies.Power lawsP3andP4wereobservedin nearly
all consideredtopologies,but differenttopologiesshoweddifferent
valuesof thepowerexponent
 . Thus,while thepresenceof power
laws P3andP4do not give strongevidencefor therepresentative-
nessof a generatedtopology, the valueof 
 in P3 andP4 canbe
usedasalitmustestfor therepresentativenessof ageneratedtopol-
ogy. We alsofind thatfactorsF1andF2arethekey contributorsin
our studywhich provide theresemblanceof our generatedtopolo-
giesto thatof theInternet.Althoughsomerecentstudies(e.g.[2])
have examinedsuchfactorsfor somepower laws, in this paper, we



examinetheirrelevancewith respectto theseaswell asotherpower
lawsand� metricsona largenumberof topologiessyntheticallygen-
eratedusingcommonlyusedtools.

The rest of the paperis organizedas follows. In Section2, we
summarizethreetopologygenerationmethodscommonlyusedin
Internetstudies.In Section3, we briefly describethe power laws
found in [6]. Section4 illustratesthe absenceor weak presence
of power laws in topologiessyntheticallygeneratedusingexisting
tools. In Section5, webriefly discusspreferentialconnectivity and
incrementalgrowth (factorsF1andF2above)andtheir role in gen-
eratingtopologiesthatexhibit power laws. Section6 arguesfor the
geographicaldistributionof nodesandlocality of edgeconnections
(factorsF3 andF4 above) and their role in making synthetically
generatedtopologiesmorerealistic. Section7 describesBRITE,
a parametrizabletopologygeneratorwe built. Using BRITE, we
presentin Sections8 and9 our experimentsandcomparative anal-
ysisof generatedtopologiesin orderto assesstherelevanceof each
factor. Section10 concludesthepaperwith futurework.

2. COMMONL Y USED TOPOLOGY GEN-
ERATION METHODS

In this section,we briefly describethreecommonlyusedtopology
generationmethods[14].2 We usethesemethodsin Section9 to
analyzedifferentkindsof syntheticallygeneratedtopologies.

Random Method: In this method,a (fixed) set of nodesis dis-
tributedin a planeuniformly at random.A link is addedbetween
eachpairof nodeswith acertainprobability. TheWaxmanmethod
is aninstantiationof this methodwheretheprobabilityof addinga
link is givenby: ����������� ��
���� �"!$# %'&)( (1)

where *�+,
 �.-0/21
, 3 is theEuclideandistancefrom node

�
to

node
�
, and 4 is themaximumdistancebetweenany two nodes.

A limitation of this methodis that it doesnot imposeany large-
scalestructureamongnodes.In particular, it is difficult to control
the configurationsso as to generatelarge, sparse,but connected
Internet-like topologies.

Regular Method: This methodgeneratesregular topologieswith
a specificandrigid structureandthushave no randomnessat all.
Regular topologiessuchasgridsareoftenusedin analyticstudies
of algorithmperformanceto make theanalysistractable.

Hierar chical Method: In this method,hierarchicaltopologiesare
createdby connectingsmall randomgraphstogetheraccordingto
a larger-scalestructure. Thus this methodattemptsto provide a
balancebetweenrandomnessandstructure.

TheTransit-Stubmethod[3] triesto imposeamoreInternet-oriented
hierarchicalstructureasfollows. A connectedrandomgraphis first
generated(e.g.usingtheWaxmanmethoddescribedabove). Each
nodein thatgraphrepresentsanentireTransitdomain. EachTran-
sit domainnodeis expandedto form anotherconnectedrandom
graph,representingthe backbonetopologyof that transitdomain.
Next, for eachnodein eachtransitdomain,a numberof connected
randomgraphsaregenerated,representingStubdomainsthat are
attachedto that transit node. Finally, someextra connectivity is
added,in the form of “back-door” links betweenpairs of nodes,5
Reference[14] providesdetailedexplanationof eachmethod.

wherea pair consistsof a nodefrom a transitdomainandanother
from astubdomain,or onenodefrom eachof two differentstubdo-
mains.By having nodesof differenttypes,it is possibleto generate
largesparsely-connectedInternet-liketopologieswith typically low
nodedegrees.

3. POWER LAWSIN INTERNET TOPOLO-
GIES

Recently[6] it hasbeenobservedthatcertainpropertiesof Internet
topologiescanbedescribedusingpower lawsof theform ���6� � .
This implies that thosesamedistributions of interestin Internet
topologiesareskewed. As a result,Internetstudieswhich assume
that the distributions are not skewed, perhapsby taking into ac-
countonly theaveragevaluesfrom thesedistributions,canresultin
misleadingresults.For example,for aparticularsnapshotof theIn-
ternettopologyin 1998, 7'8:9 of thenodeshadoutdegreelessthan
theaverage.Power lawshavebeenusedto describeseveralcharac-
teristicsof communicationnetworks(e.g.traffic [4]), but not their
topologies.In this sectionwe summarizethemainobservationsin
[6] — see[6] for moredetailsandhow somepower laws canbe
usedto estimateotherrelatedmetrics.

Power laws of the form ���
� � enablea compactcharacteriza-
tion of topologiesthroughtheir exponents.If such

� � � � � relation-
shipsareplottedon a log-log scale,thenthe power-law exponent
 definesthe slopeof the resultinglinear plot. We canthenuse
slopesof theselinearplots to assesswhethertwo topologieshave
similar properties.Indeed,Faloutsos�$;=<'>@? [6] show thatdifferent
Internetdomain-level topologiesof differentsizeandobserved at
differenttimeshave almostequalslopes.On theotherhand,their
observationsindicatethat a router-level topology hasslopesthat
significantlydiffer from thoseof domain-level topologies.

P1(rank exponent):Considertherelationshipbetweentheoutde-
greesof nodes,sortedin decreasingorder, andthe ranksof nodes
in theresultingorder. Theoutdegree3BA of anode

�
, is proportional

to the rank of the node, CDA , to the power of a constantE , that is,3BAGF6C:HA .

P2 (outdegreeexponent): The frequency (numberof nodes),I � ,
of anoutdegree,3 , is proportionalto theoutdegreeto thepower of
a constantJ , thatis, I � F�3LK .

P3(hop-plot exponent):Thetotalnumberof pairsof nodes,
���NMO�

,
within

M
hops,is proportionalto thenumberof hopsto thepowerof

a constantP , that is,
���NMO� F MOQR�SMUTWV

, where
V

is thediameter
of thenetwork. 3

P4(eigenexponent):Theeigenvalues,XOY , of theadjacency matrix
of a topology, sortedin decreasingorder, are relatedas follows:X Y F6Z@[ . 4

4. LIMIT ATIONS OF EXISTING TOPOL-
OGY GENERATION TOOLS

Waxman[12] andTransit-Stub[3] aretwo of themostcommonly
usedtools for generatingnetwork topologies. To test their accu-
racy in generatingtopologiesthat resemblethe Internet(i.e. obey
thesamepowerlawsempiricallyfoundin [6]), weshow in Figure1\
Thereis somecontroversywhethertheneighborhoodsize,defined

by
�]�NM^�

in [6], is a power law; thedatain [10] show theneighbor-
hoodsizeto grow exponentially._
Reference[6] consideredthe20 largesteigenvalues.
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Figure1: Log-log plot of fr equencyI � vs. outdegree 3 for a 5000-nodeWaxmantopology(left) and a 6660-nodeTransit-Stub topology
(right). The correlation coefficientis 0.4for the Waxman topology, and 0.9 for the Transit-Stub topology.

a fit for the log-log plot of theoutdegreeexponent(cf. power law
P2 in Section3). The linear fit is clearly not goodfor both Wax-
manandTransit-Stub,althoughit is muchbetterfor the Transit-
Stubtopology. It is not surprisingthatboth topologiesexhibit the
absenceor weakpresenceof the power law given that both tools
arenot basedon a dynamicalgrowth modelof theInternet,which
we subsequentlydiscussin Section5. For example,both toolsdo
not graduallyaddnodesandlinks to form a topology, ratherthey
createall nodesandthenstartaddinglinks to interconnectthem.
Section9 presentsan extensive comparative analysisof different
topologygenerationmodels.

5. HOW POWER LAWS ARISE
In this section,we briefly discussrecentstudiesthatsuggestpref-
erentialconnectivity andincrementalgrowth to bepossiblecauses
for somepower laws foundin topologies.In this paper, we exam-
inetheir relevancewith respectto theseaswell asotherpower laws
andmetricsonalargenumberof topologiessyntheticallygenerated
usingcommonlyusedtools.

Faloutsos�$;`<B>a? [6] provide evidencebut not convincing possible
causesfor theexistenceof powerlawsP1-P4in Internettopologies.
Recentlyin [1], power law P2hasalsobeenobservedin thetopol-
ogyof theWorld WideWeb. Herethenodesaredocumentsandthe
links arehyperlinks. HubermanandAdamic[7] observethatthere-
lationshipbetweenthenumberof webpagesandthedifferentweb
sitesalsofollowsapower law — many siteshaveonly afew pages,
while very few siteshave hundredsof thousandsof pages.(This
may be viewed asequivalent to power law P1 in Internettopolo-
gies.)Usinga stochasticdynamicalgrowth model,power laws are
arguedto arisewhensitesgrow at thesameaveragerate,thussites
thatarelargebecomelargerover time.

Barab́asiandAlbert [2] suggesttwo possiblecausesfor power law
P2 in any network topology: incrementalgrowth andpreferential
connectivity. Incrementalgrowth refersto “open” networks that
form by thecontinualadditionof new nodes,andthusthegradual
increasein thesizeof thenetwork. Preferential connectivityrefers
to thetendency of a new nodeto connectto existing nodesthatare
highly connectedor popular.

6. NODE PLACEMENT AND CONNECTION
LOCALITY

In thissection,we arguefor two otherpossiblecausesfor theexis-
tenceof power lawsin Internettopologies,in additionto incremen-

tal growth andpreferentialconnectivity. Thefirst is theway nodes
of the network are distributed in space. Unlike randommodels,
we conjecturethat Internettopologieshave a high degreeof clus-
tering. Thus,modelsthatwould generatetopologies,wherenodes
aredistributedin spaceaccordingto a skewed (e.g.heavy-tailed)
distribution, appearmorerealistic. This, for example,mirrors the
skewed distribution of humanpopulationor web pagesover web
sites[7]. Anotherpossiblecausefor power laws is the tendency
of a new nodeto connectto existing node(s)that areclose-byin
distance.

Figure2 showsasnapshotof asectionof atopology(without links)
in which nodeswere placedrandomlyor accordingto a heavy-
taileddistribution.Themotivationbehindusingheavy-tailedplace-
mentof nodestogetherwith locality of edgeconnectionsis to ob-
tain a skewed distribution of outdegrees,wherethosefew heavily
populatedareashave highly connectednodes,while therestof the
nodesaresparselyconnected.

7. BRITE: A TOPOLOGY GENERATOR
To studytherelevanceof possiblecausesfor power laws observed
in Internettopologies[6], we built a parametrizedtopologygener-
ator, we call BRITE5. Differentcombinationsof possiblecauses
canbe tested. We considerthe possiblecausesdescribedearlier,
namely:preferentialconnectivity, incrementalgrowth, nodeplace-
ment,andconnectionlocality. For eachcombination,we analyze
thegeneratedtopologiesin termsof power laws andothermetrics
observedin realnetworks[6, 8]. In thissectionwedescribethecur-
rent versionof BRITE. Sections8 and9 presentour experiments
and results,respectively. Table 1 lists the variousparametersof
BRITE. We describeeachparameternext.

The Plane:
Thenodesof thegeneratedtopologyaredistributedin a planedi-
vided into b�cedfbLc squares.Eachoneof thesehigh-level squares
is furthersubdividedinto smallergLc]dhgBc low-level squares.Each
low-level squarecanbeassignedatmostonenode.

NodeAssignment:
A Random placementof nodesin theplaneis achievedby simply
selectinga low-level squarerandomlyanddroppinga nodetherei
for Boston university Representative In-

ternet Topology gEnerator. Available at
http://www.cs.bu.edu/fac/matta/software.html



Figure 2: Snapshotof random nodeplacement(left) and heavy-tailed nodeplacement(right)

Parameter Meaning Values
HS Sizeof onesideof theplane Integer j 1
LS Sizeof onesideof ahigh-level square Integer k 1
NP NodePlacement 0: Random, 1: Heavy-Tailed
m Numberof links addedpernew node Integer k 1
PC PreferentialConnectivity 0: NONE, 1: ONLY, 2: BOTH
IG IncrementalGrowth 0: INACTIVE, 1: ACTIVE

Table1: Parametersof BRITE

while avoiding collisions.To achieve aHeavy-Tailed distribu-
tion of nodes,for eachoneof thehigh-level squares,thegenerator
picksa numberof nodesl to beassignedto thatsquareaccording
to a boundedParetodistributiongivenby [5]:

I � l � � <nm)opl � o � �1rq�� m�s �t� o (2)

A nodeis thenplacedrandomlyin oneof the gBcudvgLc low-level
squareswhile avoidingcollisions.

Number of Links for a NewNode:
Theparameterw controlsthenumberof neighbornodesto whicha
new nodeconnectswhenit joinsthenetwork (or in otherwords,the
numberof new links to beaddedto thetopology).Thegreaterthe
valueof w , the denserthe generatedtopology. We refer to the set
of nodesfrom which a neighboris selectedfor a newly considered
nodeasthecandidateneighborset.

Incr ementalGrowth:
This parametercontrolsincrementalgrowth and can take one of
two values:

x INACTIVE placesall nodesatoncein theplanebeforeadding
any link. At eachstep,a nodeis randomlyselectedand w
links areusedto connectit to w candidateneighborsfrom all
othernodes.

x ACTIVE placesnodesin the planegraduallyoneat a time
asthey join thenetwork. In this case,a new nodeconsiders
as candidateneighborsonly thosenodesthat have already
joined the network (i.e. nodesthatarealreadyconnectedto
someothernode(s)).

Initially, beforeoperatingin eitherINACTIVE or ACTIVE
mode,the generatorgeneratesa small randomlyconnected
backboneof yUz nodes.The remainingnodesarethencon-
nected.

Preferential Connectivity:
This parametercontrolstheactivationor deactivationof bothpref-
erentialconnectivity andlocality. Therearethreepossiblevalues
for thisparameter:

x NONE indicatesthat preferentialconnectivity is turnedoff.
In thiscase,anewly considerednodeconnectsto acandidate
neighbornodeusingWaxman’sprobabilityfunction[12] (cf.
equation1). Thisprocessis repeatedto connectthenew node
to w nodes.

x ONLY meansthat preferentialconnectivity is turnedon. In
thiscase,a newly considerednode

�
connectsto a candidate

neighbornodeZ with thefollowing probability:

3 Y{�|~}�� 3 |
where 3BY is thecurrentoutdegreeof node Z , and � is theset
of candidateneighbornodes.Thisprocessimpliesthatanew
nodejoining thenetwork selectswith high probability those
nodeswith high outdegrees.This is repeatedto connect

�
tow nodes.

x BOTH combinespreferentialconnectivity andconnectionlo-
cality. In this case,for a newly considerednode

�
, we com-

putefor eachcandidateneighbornode Z a Waxman’s proba-
bility � Y (cf. equation1). This givespreferenceto close-by
nodes.Then,thefinal probabilityof connectingto node Z is
computedasfollows:

��Y�3BY{ |~}�� � | 3 |
Thisprocessis repeatedto connect

�
to w nodes.



8. EXPERIMENTS
In this� sectionwe describeour experiments. Section9 presents
our resultsandobservations.We considertopologiesof sizerang-
ing from 500nodesto about15000nodes.6 For eachselectedsize
andeachcombinationof parametersdescribedin Section7, three
BRITE topologieswere generatedusing threedifferent random
seeds,andtheaverageresultsareplotted.

Section9 shows resultsfor BRITE topologiesgeneratedstarting
from abackboneof size y z � 1 *:* onaplanewith b�ct� 1 *:*'* andgLc�� 1 *:* . In the heavy-tailed nodeplacementexperiments,we
take the parametersof the boundedParetodistribution (cf. equa-
tion 2) asfollows: a minimumvalue m of 1, maximumvalue

�
of1 *'*:*:*�dfgBcedugLc andshapeparameter< of 1.7 Also, for a newly

considerednode,we connectit with only onelink, i.e. wh� 1
. We

obtainedsimilar resultsfor differentvaluesof b�c , gLc and w , and
thusarenot shown. This includesthe valueof w���8 considered
in [2]. For network sizesof 500 to 15000,as w increasesfrom 1
to 5, theaveragenodedegreerangesfrom 2 to 10 with incremen-
tal growth, andrangesfrom 30 to 100without incrementalgrowth.
Notethatwith incrementalgrowth, theaveragenodedegreeis ap-
proximately�$w . Wealsodonotshow resultsfor thecasewhenboth
preferentialconnectivity andconnectionlocality areactivated(i.e.
PC = 2) asit yields resultssimilar to thecasewhenonly prefer-
entialconnectivity is present(i.e.PC = 1).

We comparethe resultsfrom BRITE topologieswith topologies
generatedusingothermodelsand tools. We generatetopologies
accordingto theWaxmanmethod,usingtheGeorgiaTechtopology
generator, GT-ITM [14]. In ourexperiments,wesettheparameters
of Waxman’sfunctionto 
 = 0.2and

-
= 0.15.8 Also usingtheGT-

ITM tool, we generateTransit-Stub topologies.Table2 lists the
parameterswe usedto generateTransit-Stubtopologiesof various
sizes. For the considerednetwork sizes,the averagenodedegree
for Waxmantopologiesrangesfrom 15 to 500, whereasTransit-
Stubtopologieshave anaveragenodedegreeof about3. We also
generateregular grid topologies.

For eachgeneratedtopology, we verify the presenceor absence
of the power laws observed in [6] (cf. Section3). For the log-
log plotsobtained,we testtheexistenceor absenceof power laws
usingPearson’s correlationcoefficient9 — the closerthe absolute
value of the correlationcoefficient is to one, the closer the data
follows a power law, that is, we have a goodlinearfit on a log-log
plot. For thedifferentkindsof topologieswe generate,we obtain
graphsof the correlationcoefficient asa function of the topology
size.A goodlinearfit shouldgive a correlationcoefficient of 0.95
or higher. If a given power law is found acrossdifferentkinds of
topology, thenwe analyzetheslopesof thelinearfits to determine
which is closerto theslopesobservedin [6].

Wealsomeasurefor eachgeneratedtopologyothercharacteristics,
namelydiameter, averagepath length, and clusteringcoefficient.

�
Dueto thehighcomputationalcostof computingeigenvalues,we

only considertopologysizesup to 7000nodesfor the eigenvalue
exponentresults.�
To obtain a sufficiently skewed distribution, we take

�
greater

than gLc]dhgLc , which is themaximumnumberof nodesthatcanbe
assignedto a high-level square.Thuswe take this maximumto be
thenumberof nodesweassignto ahigh-level squareif therandom
numbergeneratedturnsoutgreater.�
Thesearethesameparametervaluesselectedin [14].�
We obtaincorrelationcoefficientsusingMathematica[13].

The average path length in a topology is definedas the average
pathlengthtakenoverall pairsof nodes.Theclusteringcoefficient
is definedas follows [11]: considerany node

�
and its setof m'A

neighbors.At most �@�"��� �5�� edgescanappearbetweenthesenodes.
The clusteringcoefficient ��A for this nodeis the fraction of that
setof edgeswhichareactuallypresentin thegraph.Theclustering
coefficient of the graphis thendefinedto be the averagevalueof��A , averagingoverall nodes.

9. RESULTS
Beforepresentingour results,wefirst list generalobservations:

x The rank andoutdegreepower laws (cf. P1 andP2 in Sec-
tion 3) arethemosteffectivein distinguishingdifferentkinds
of topologies.

x The hopplot and eigenvalue power laws (cf. P3 and P4 in
Section3) areobservedin nearlyall topologiesthatwestud-
ied, however, different topologiesdiffer in their P and �
exponents.

x Preferentialconnectivity and incrementalgrowth are found
to bethemaincausesfor all power laws in oursimulations.

9.1 Rank Exponent
For different topologies,we considerthe log-log relationshipbe-
tweenoutdegreeand rank of a nodefor varying topology sizes.
Thenweplot thecorrelationcoefficientobtainedwhenweperform
a linearfit of thoseplotsasthetopologysizegrows.

9.1.1 Waxman,Transit-StubandGrid Topologies
Figure3showstheresultsfor Waxman,Transit-Stubandgrid topolo-
gies. WaxmanandTransit-Stubtopologiesgive correlationcoeffi-
cientsthat are around *�? 7 and 0.85, respectively. This indicates
poor linearfits. For all Internettopologiesstudiedin [6], the cor-
relation coefficients were higher than *)? �B8 . Thus, Waxmanand
Transit-Stubtopologiesdo not seemto be representative of Inter-
nettopologies,at leastwith respectto therankexponent.
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Figure 3: Corr elation Coefficient vs. Size(Rank Exponent for
Waxman,Transit-Stub and grid topologies)

As expected,grid topologiesshow very poor linear fits especially
for largesizes.This is becausenodeshaveonly degreesof 2, 3 and
4, whereonly the four cornernodeshave degreeof 2, othernodes
at theperipheryhave degreeof 3 andtheresthave degreeof 4.



Size Transitdomains Nodes/Transitdomain Stubs/Transitnode Nodes/Stub

8 1 * 10 1 5 101 *'��* 20 1 5 10� * � * 20 2 10 101 * 1 *:* 100 1 10 101��)1�� * 20 8 10 10

Table2: Parametersof Transit-Stub topologies

9.1.2 BRITETopologies
Figures4 and 5 show resultsfor topologiesobtainedusing our
generator. Figure4 correspondsto randomnodeplacementwhile
Figure5 correspondsto heavy-tailed(boundedPareto)nodeplace-
ment.In Figure4, for differentcombinationsof incrementalgrowth
andpreferentialconnectivity, we observe thefollowing:
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Figure4: Rank Exponentfor BRITE topologies(RandomNode
Placement)

x PC set to 1 and IG set to 1: Topologiesgeneratedwith
bothpreferentialconnectivity andincrementalgrowth show
excellentcorrelationcoefficientsapproaching1. In thiscase,
theslopesof thelinearfits arearound

q *)? � for all generated
topologies,whichis verycloseto thevalueof

q *�? 8 observed
in [6] for actualInternettopologies.This suggeststhatif the
rankpower law is a fundamentalpropertyof Internettopolo-
gies, thenusinga topologygenerationmodel that includes
both preferentialconnectivity and incrementalgrowth will
producetopologiesthat highly resembleInternet toplogies
with respectto therankpower law.

x PC setto 1 andIG setto 0: Topologiesgeneratedwith pref-
erentialconnectivity but without incrementalgrowth show
relativelyhighcorrelationcoefficients(approaching0.9).This
indicatesthat, for therankexponent,preferentialconnectiv-
ity playsa moreimportantrole thanthe incrementalgrowth
property.

x PC set to 0 and IG set to 1: Topologiesgeneratedwith in-
crementalgrowth but withoutpreferentialconnectivity show
thelowestcorrelationcoefficientsin termsof therankexpo-
nent. This suggeststhatpreferentialconnectivity is a neces-
saryconditionfor therankexponentpower law to hold.

x PC set to 0 and IG set to 0: Topologiesgeneratedwithout
incrementalgrowth nor preferentialconnectivity alsoshow

poor correlation. This settingcorrespondsto a variant of
Waxman’s randommodel.

Figure5 shows theresultswhennodesaredistributedaccordingto
a Paretodistribution. We observe thefollowing:

0

0.2

0.4

0.6

0.8

1

0 2000 4000 6000 8000 10000 12000 14000 16000

C
or

re
la

tio
n 

C
oe

ffi
ci

en
t

Size

Rank Exponent for BRITE Topologies (Pareto Node Placement)

PC: 0, IG: 0
PC: 0, IG: 1
PC: 1, IG: 0
PC: 1, IG: 1

Figure 5: Rank Exponent for BRITE topologies(Pareto Node
Placement)

x Topologiesgeneratedwithout preferentialconnectivity nor
incrementalgrowth show theworstcorrelationcoefficients.

x In thepresenceof incrementalgrowth, theskewed distribu-
tion of nodesmakes the generationmodel lesssensitive to
the absenceof preferentialconnectivity. The valuesof the
correlationcoefficient arerelatively high (around0.85),but
thelinearfits arestill notgood.

x The performanceof topologiesgeneratedwith preferential
connectivity aloneor with bothpreferentialconnectivity and
incrementalgrowth arecomparableto thoseobserved with
randomnodeplacement. This suggeststhat skewed node
placementmay not be a fundamentalcausefor the appear-
anceof power laws in Internettopologies.

Figure6 shows a fit for thelog-log plot of therankexponent.The
linearfit is clearlybestfor BRITE topologieswith bothpreferential
connectivity and incrementalgrowth (underrandomnodeplace-
ment).

9.1.3 ConclusionsonRankExponent
With respectto therankexponent,preferentialconnectivity seems
to be a necessaryconditionfor the power law to hold. The pres-
enceof incrementalgrowth increasesthe correlationcoefficients,
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resultingin excellentlinearfits. For Waxman,Transit-Stubandgrid
topologies,the rank exponentdid not appearasthe linear fits did
not show high degreesof correlation. This suggeststhat the rank
exponentcaneffectively distinguishdifferentclassesof topologies.

9.2 OutdegreeExponent
For differenttopologies,weplot for varyingtopologysizesthecor-
relationcoefficient of the log-log relationshipbetweenfrequency
andoutdegree(cf. Section3). As in [6], weplot outdegreesstarting
from oneuntil anoutdegreewith exactly onenodeis found.

9.2.1 Waxman,Transit-StubandGrid Topologies
Figure7showstheresultsfor Waxman,Transit-Stubandgrid topolo-
gies.Waxmantopologiesgivevery low correlationcoefficients,in-
dicatingthat theoutdegreepower law is not present.Transit-Stub
topologiesgivecorrelationcoefficientsthatarearound0.9,indicat-
ing that the linear fits arenot good. Again, this suggeststhat, at
leastwith respectto theoutdegreeexponent,WaxmanandTransit-
Stubtopologiesdo not resembleInternettopologies.

For grid topologies,agreementwith theoutdegreepowerlaw seems
to be present.However, this maybe misleadingbecauseany grid
hasonly threedifferentdegrees(2, 3 and4), resultingin only three
nearlycolinearpointsin thelog-logplot, andconsequentlythedata
canbeeasilyfit to a straightline.
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Figure7: Corr elation Coefficientvs. Size(OutdegreeExponent
for Waxman,Transit-Stub and grid topologies)

9.2.2 BRITETopologies
Barab́asi and Albert [2] show that both preferentialconnectivity
andincrementalgrowth areneededfor theoutdegreepower law to

exist. Our resultsareconsistentwith theirsasobservedin Figures
8 and9. Thus,any topologygenerationmodelshouldincludeboth
properties.

For therouter-level topologyanalyzedin [6], thevalueof theout-
degreeexponentwas

q �L? � 7 . For BRITE topologiesgeneratedwith
bothpreferentialconnectivity andincrementalgrowth, theslopeof
thelinearfits wasin thesamerange— from

q �L? *:� for a500-node
network to

q �L? � � for a 15000-nodenetwork.
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Figure 8: OutdegreeExponent for BRITE topologies(Random
NodePlacement)
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9.2.3 Conclusionson OutdegreeExponent
Waxman� andTransit-Stubtopologiesdo not exhibit theoutdegree
powerlaw. BRITE topologiesgeneratedwith bothpreferentialcon-
nectivity andincrementalgrowth closelyresembleInternettopolo-
giesreportedin [6]. Thus, like the rank exponent,the outdegree
exponentcaneffectively distinguishdifferentclassesof topologies.
SinceconclusionsunderParetonodeplacementareconsistentwith
thoseunderrandomnodeplacement,we henceforthshow results
only for thelatter.

9.3 Hopplot Exponent
For differenttopologies,weplot for varyingtopologysizesthecor-
relation coefficient of the log-log relationshipof the numberof
nodepairswithin a certaindistanceversusthe distance(cf. Sec-
tion 3). Herewe considerdistancevaluesup to thediameterof the
topology.

9.3.1 Waxman,Transit-StubandGrid Topologies
Figure 10 shows the resultsfor Waxman,Transit-Stuband grid
topologies.All Waxmantopologiesyield linearfit correlationco-
efficientscloseto 1, indicatingthat the hopplotpower law holds.
However, this may be misleadinggiven that the numberof data
pointswastoo low (around3 or 4 datapoints).Thereasonfor hav-
ing so few datapointshasto do with a fundamentallimitation of
randommethodsfor topologygeneration.In orderto generatelarge
connectedtopologies,thenumberof links neededis large. Conse-
quently, thediameterof thenetwork decreasessignificantlyandthe
completesetof pairsof nodesis coveredwithin few hops(around
3 or 4 hops).
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Figure 10: Corr elation Coefficient vs. Size(Hopplot Exponent
for Waxman,Transit-Stub and grid topologies)

Transit-Stubandgrid topologiesalsoyield correlationcoefficients
thatareabove *�? �'8 . Thus,thehopplotexponentholdsfor different
kindsof topologies,althoughthey belongto threedifferentclasses
(random,hierarchicalandregular).As mentionedin Section8, the
correlationcoefficientsactasaninitial testfor assessingtheresem-
blanceto Internettopologies. Oncethis initial test is passed,we
must look at the slopesof the linear fits to determinetheir close-
nessto thoseempirically found in [6]. We discussthis further in
Subsection9.3.3.

9.3.2 BRITETopologies
Figure11 shows the resultsfor BRITE topologies.All generated
topologiesshow thepresenceof thehopplotpower law.
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Figure 11: Hopplot Exponent for BRITE topologies

It is importantto notice that when the incrementalgrowth prop-
erty is turnedoff, thegeneratedtopology“behaves”somewhatlike
a randomlygeneratedtopologywith respectto a highernumberof
linksneededtomakethetopologyconnectedand,consequently, the
generatedtopologyhasa smallerdiameter(like Waxmantopolo-
gies).Having a smalldiametermeansthatthelog-log plot hasfew
datapoints,which makesit easierto obtaina goodlinear fit. On
the other hand,when incrementalgrowth is present,the number
of pointsin theplots increasessignificantly. However, thehopplot
power law holdsin both caseswith correlationcoefficientsabove
0.95.

9.3.3 ConclusionsonHopplotExponent
Figure12showsaplot of theslopesof thelinearfits for thehopplot
exponentdatafor all kindsof topologiesandfor varyingtopology
size.
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Figure 12: Linear Fit Slopesfor Hopplot Exponent data (All
topology classes)

Waxmantopologiesaregeneratedwith the highestdegreeof ran-
domness,while grids arethemostregular (no randomnessat all).
Thus,intuitively, theslopesfor otherkindsof topologies(including
Transit-Stub)shouldlie betweenthoseof Waxmanandgrid topolo-
gies.Thisagreeswith theresultsof Figure12,wheretheslopesfor
Waxmantopologiesarethelargestandthey increaseastopologies
grow larger. For a 5000-nodeWaxmantopology, the valueof the
slopeis ��? � 8 . At theotherendof thespectrum,theslopesfor the
grid topologieswereconstantacrossall sizeswith valuesalways



around
1 ? 8 . Theseslopesaresignificantlydifferent from the one

measuredin [6] for therouter-level topology, which was2.8.

BRITE topologieswithout preferentialconnectivity nor incremen-
tal growth show, as expected,slopessimilar to that of Waxman
topologies. The slopesfor thosetopologieslie between

� ? 1 � for
500-nodenetworkand

� ? ��� for 15000-nodenetwork. BRITE topolo-
gieswith preferentialconnectivity but no incrementalgrowth have
lessrandomnessand, as expected,show lower slopevalues. Fi-
nally, we observe thatBRITE topologieswith incrementalgrowth
aloneor togetherwith preferentialconnectivity behave very simi-
larly to Transit-Stubtopologies.Also, thevaluesof theslopeslie
between�L? �:� and ��? 8:� for Transit-Stubtopologies,andbetween�L? �'� and �)? 1'1 for BRITE topologieswith preferentialconnectiv-
ity andincrementalgrowth. Thus,BRITE topologieshave slopes
closerto thevalueof ��? 7 measuredin [6]. In summary, with respect
to thehopplotexponent,bothTransit-StubandBRITE topologies
with incrementalgrowth resembleInternettopologies.

9.4 EigenvalueExponent
For differenttopologies,weplot for varyingtopologysizesthecor-
relationcoefficientof thelog-log relationshipof theeigenvaluesof
thetopologyadjacency matrixversustheir rankin decreasingorder
(cf. Section3).

9.4.1 Waxman,Transit-StubandGrid Topologies
Figure 13 shows the resultsfor Waxman,Transit-Stuband grid
topologies.The eigenvaluepower law tendsto hold for Waxman
topologiesasthey grow large.Similar to largeWaxmantopologies,
all generatedTransit-Stubtopologiesshow correlationcoefficients
above *�? �'8 , indicatinggoodlinearfits. Grid topologiesshow rela-
tively low correlationcoefficients.

Similar to the hopplotexponent,this result indicatesthat it is dif-
ficult to distinguishdifferenttopologiesin termsof theeigenvalue
exponent.We thusexaminetheslopesof the linearfits in Subsec-
tion 9.4.3.
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Figure 13: Corr elation Coefficient vs. Size(Eigenvalue Expo-
nent for Waxman,Transit-Stub and grid topologies)

9.4.2 BRITETopologies
Figure 14 shows the resultsfor BRITE topologies. The correla-
tion coefficientsareabove 0.95for nearlyall topologies.Topolo-
giesgeneratedwith preferentialconnectivity but without incremen-
tal growth have clearly inferior correlationcoefficients. It is worth
mentioningthatthevalueof thefirst (dominant)eigenvaluerelative

to thatof othereigenvalueslargely determinesthe linearity of the
log-log plot. Sincedifferentkindsof topologiesexhibit theeigen-
valuepower law (at leastfor certainnetwork sizes),we examine
next theslopesof thelinearfits asa meansto distinguishdifferent
classesof topologies.
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Figure 14: EigenvalueExponent for BRITE topologies

9.4.3 ConclusionsonEigenvalues
Figure15 shows a plot of theslopesof thelinearfits versustopol-
ogy sizefor all consideredtopologies.For Waxmantopologies,in
which thereis a high degreeof randomness,theslopeof thelinear
fits rangesfrom

q *)? � 1 for 500-nodenetwork to
q *�? � 8 for 5000-

nodenetwork with correlationcoefficientscloseto *�? � in all cases.
In contrast,for grid topologies,wherethereis no randomnessat
all, theeigenvaluelog-logplotsareflatterasthesizeof thegrid in-
creases.Theslopeof thefits for thegridsrangesfrom

q *�? *:� 1 for
400-nodegrid to

q *�? *:*'� for 6400-nodegrid. Thus,for bothkinds
of topologies,thereis a cleardifferencein the valueof the expo-
nents/slopes.For thesetwo classesof topologies,theslopevalues
differ significantly from the valueof -0.17 measuredin [6] for a
router-level topology.
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Figure15: Linear Fit Slopesfor EigenvalueExponentdata (All
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Again,BRITE topologiesgeneratedwithoutpreferentialconnectiv-
ity nor incrementalgrowth behave similar to Waxmantopologies.
The otherfour topologyclasses,Transit-Stub,BRITE with incre-
mentalgrowthonly, BRITE with preferentialconnectivity only, and
BRITE with bothpreferentialconnectivity andincrementalgrowth,



lie betweenthe extremesof completerandomness(Waxman)and
complete� regularity (grids). For theseclassesof topologiesthe
slopevaluesarenotsignificantlydifferentfrom thevalueof

q *�? 1 �
reportedin [6]. BRITE topologieswith preferentialconnectivity
show slopesclosestto -0.17.

9.5 Path Length and Clustering Coefficient
In addition to the power laws, we also studiedthe diameter, the
averagepathlengthandtheclusteringcoefficient,definedearlierin
Section8, for all generatedtopologies.

Figure16 shows the averagepath lengthfor topologiesof differ-
entsizes.We observe thatWaxman(random)topologiesandthose
BRITE topologiesin which incrementalgrowth was turned off,
“behave” similarly in termsof theaveragepathlength.Ontheother
hand,thosetopologiesgeneratedwith incrementalgrowth turned
onarelessrandom,resultingin amuchhigheraveragepathlength.
This is consistentwith resultsin [11].
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Figure 16: AveragePath lengthsfor all topologyclasses

We observe that topologiesgeneratedwith both preferentialcon-
nectivity and incrementalgrowth activated,have an averagepath
lengthapproaching12 hopsasthenetwork sizeincreases.In con-
trast,othertopologiesshow loweraveragepathlengths.

Figure17showstheclusteringcoefficientsfor all topologyclasses.
Figure18 shows thediameters.Thediameterplot shows thesame
trendsas the averagepath length. BRITE topologiesgenerated
with both preferentialconnectivity and incrementalgrowth acti-
vated,show a diameterapproaching30 hopsas the network size
increases.10

Finally, we note that for WaxmantopologiesandBRITE topolo-
gieswithout incrementalgrowth, asthenetwork sizeincreases,the
diameterandaveragepathlengthtendto decrease.This is because
in a randomnetwork, asthenumberof nodesincreases,thenum-
berof links neededto have a connectedtopologyincreasessignifi-
cantly, making“shortcuts”betweenmany nodesandconsequently
decreasingthediameterandaveragepathlengthof thenetwork.

10. CONCLUSIONS
We studiedpossiblecausesfor power laws [6] in Internettopolo-
gies. The outdegreeand rank exponentsare found to provide a� z As a sanity check, Paxson[8] measuresa meanInternet path
lengthof around16 hopsanddiameterof beyond30hops.

powerful meansto test the resemblanceof a topology to that of
the Internet. The hopplotandeigenexponentsare found to hold
for almostevery topologywe studied. However, the valueof the
exponentof the power law canprovide a usefulmeansto evalu-
atea topology. We alsostudiedothermetricsbesidespower laws.
Topologiesthat strike a good balancebetweenrandomnessand
structurearefoundto have metricscloseto thosemeasuredfor the
Internet.Consistentwith otherstudies,we foundthatbothprefer-
entialconnectivity andincrementalgrowth arethekey contributors
to thesuccessof a topologyto resemblethatof theInternet.

Futurework remainstobuild anevenmorerealistictopologygener-
ator, which generatestruly representative Internettopologies.This
would includetheassignmentof capacitiesandpropagationdelays
to links, theintroductionof queuesandthegroupingof nodesinto
administrative domains. Furtherwork also involves the study of
othertopologicalproperties,how suchpropertiesmayaffectthede-
signof Internetprotocols,andrefiningandextendingour topology
generator.

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0 2000 4000 6000 8000 10000 12000 14000 16000

C
lu

st
er

in
g 

C
oe

ffi
ci

en
t

¡

Size

Clustering Coefficient for All Topologies

Waxman
Grids

TS
PC: 0, IG: 0
PC: 0, IG: 1
PC: 1, IG: 0
PC: 1, IG: 1

Figure 17: Clustering Coefficientsfor all topologyclasses
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