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ABSTRACT

Recentempirical studies[6] have shovn that Internettopologies
exhibit power laws of the form y = z“ for the following rela-
tionships: (P1) outdegreeof node(domainor router)versusrank;
(P2)numberof nodesversusoutdegyree;(P3) numberof nodepairs
within a neighborhoodversusneighborhoodsize (in hops); and
(P4) eigervaluesof the adjaceng matrix versusrank. However,
causedor the appearancef suchpower laws have not beencon-
vincingly given. In this paper we examinefour factorsin the for-
mationof Internettopologies. Thesefactorsare (F1) preferential
connectity of a new nodeto existing nodes; (F2) incremental
growth of the network; (F3) distribution of nodesin space;and
(F4) locality of edgeconnections.In syntheticallygeneratedhet-
work topologies we studythe relevanceof eachfactorin causing
theaforementionegower laws aswell asotherpropertiesnamely
diameter averagepathlengthandclusteringcoeficient. Different
kinds of network topologiesaregenerated(T1) topologiesgener
atedusingour parametrizedjeneratarwe call BRITE?; (T2) ran-
dom topologiesgeneratedising the well-knowvn Waxmanmodel
[12]; (T3) Transit-Stubtopologiesgeneratedising GT-ITM tool
[3]; and(T4) regulargrid topologies.We obsene thatsomegener
atedtopologiesmaynot obey power laws P1andP2. Thus,the ex-
istenceof thesepower laws canbe usedto validatethe accurag of
agiventool in generatingepresentatie Internettopologies.Power
laws P3andP4wereobsenedin nearlyall consideredopologies,
but differenttopologiesshaved differentvaluesof the power ex-
ponenta. Thus,while the presenceof power laws P3 and P4 do
not give strongevidencefor the representatenesf a generated
topology thevalueof « in P3andP4 canbe usedasa litmus test
for the representatienessof a generatedopology We alsofind
thatfactorsF1 andF2 arethe key contributorsin our studywhich
provide the resemblancef our generatedopologiesto that of the
Internet.

*This work wassupportedn partby NSFgrantsCAREERANIR-
9701988andMRI EIA-9871022.
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1. INTRODUCTION

The accuratecharacterizatiorof Internettopologiesis key to the
successfumodelingand analysisof the Internetandits protocols
[9]. Internetstudiesusuallyassumecertaintopologiesor usesyn-
theticallygeneratedopologies.Theseopologiesmustreflectprop-
erties(or invariants)empirically foundin the actualexisting struc-
tureof thelnternet;otherwisegorrectconclusiongannotedrawn.

Recently[6], it wasobsenredthatactualinternettopologiesexhibit

power laws of the form y = z® for the following relationships:
(P1) outdegreeof node(domainor router)versusrank; (P2) num-
berof nodesversusoutdegree;(P3) numberof nodepairswithin a
neighborhoodrersusneighborhoodsize(in hops);and(P4) eigen-
valuesof theadjaceng matrix versugank. However, causesor the
appearancef suchpower laws have notbeencorvincingly given.

In this paper we considerfour factorsin the formation of Inter
net topologies. Thesefactorsare (F1) preferentialconnectity;
(F2) incrementalgrowth; (F3) geographicatlistribution of nodes;
and(F4)locality of edgeconnectionsF1 dictateghetendeng of a
new nodeto connecto thoseexisting nodeshathave higheroutde-
greesF2dictateghatnen nodegoin thelnternetin anincremental
way. F3 determineow nodesaredistributedin space— in this
paper we considerandomandheavy-tailed distribution of nodes.
Finally, F4 dictateghetendeng of anew nodeto connecto nearby
nodesinsteadof faraway nodes.

In syntheticallygeneratechetwork topologies,we studythe rele-
vanceof eachfactorin causingthe aforementionegbower laws as
well asotherpropertiesnamelydiametey averagepathlengthand
clusteringcoeficient. Differentkinds of network topologiesare
generated(T1) topologiesgeneratedisingour parametrizedjen-
eratorBRITE; (T2) randomtopologiesgeneratedisingthe well-

known Waxmanmodel[12]; (T3) Transit-Stubtopologiesgener
atedusingGT-ITM tool [3]; and(T4) regular grid topologies.We
obsenre thatsomegeneratedopologiesdo notobey power laws P1
and P2. Thus, the existenceof thesepower laws can be usedto
validatethe accurag of a giventool in generatingepresentatie
Internettopologies.Paverlaws P3andP4wereobseredin nearly
all consideredopologies put differenttopologiesshaveddifferent
valuesof the power exponenta. Thus,while thepresencef power
laws P3andP4 do not give strongevidencefor the representatie-
nessof a generatedopology the valueof . in P3andP4 canbe
usedasalitmustestfor therepresentatienes®f ageneratedopol-
ogy. We alsofind thatfactorsF1 andF2 arethekey contributorsin

our studywhich provide the resemblancef our generatedopolo-
giesto thatof the Internet. Althoughsomerecentstudies(e.g.[2])

have examinedsuchfactorsfor somepower laws, in this paper we



examinetheirrelevancewith respecto theseaswell asotherpower
lawsandmetricsonalarge numberof topologiessyntheticallygen-
eratedusingcommonlyusedtools.

The restof the paperis organizedas follows. In Section2, we
summarizethreetopology generatiormethodscommonlyusedin
Internetstudies. In Section3, we briefly describethe power laws
foundin [6]. Section4 illustratesthe absenceor weak presence
of power laws in topologiessyntheticallygeneratedisingexisting
tools. In Section5, we briefly discusgpreferentiaconnectvity and
incrementabrowth (factorsF1 andF2 above) andtheirrolein gen-
eratingtopologieghatexhibit power laws. Section6 arguesfor the
geographicatlistribution of nodesandlocality of edgeconnections
(factorsF3 and F4 above) and their role in making synthetically
generatedopologiesmorerealistic. Section7 describesBRITE,
a parametrizabléopology generatomwe built. Using BRITE, we
presenin Sections8 and9 our experimentsandcomparatie anal-
ysisof generatedopologiesn orderto assestherelevanceof each
factor Section10 concludeghe papemwith futurework.

2. COMMONLY USED TOPOLOGY GEN-
ERATION METHODS

In this section,we briefly describethreecommonlyusedtopology
generatiormethods[14].2 We usethesemethodsin Section9 to
analyzedifferentkinds of syntheticallygeneratedopologies.

Random Method: In this method,a (fixed) setof nodesis dis-
tributedin a planeuniformly at random. A link is addedbetween
eachpair of nodeswith acertainprobability The Waxmanmethod
is aninstantiationof this methodwherethe probability of addinga
link is givenby:

P(u,v) =« e~/ BL) @)

where0 < a, 8 < 1, dis the Euclideandistancefrom nodew to
nodew, andL is themaximumdistancebetweerary two nodes.

A limitation of this methodis thatit doesnot imposeary large-

scalestructureamongnodes.In particular it is difficult to control

the configurationsso asto generatdarge, sparse but connected
Internet-like topologies.

Regular Method: This methodgeneratesegular topologieswith
a specificandrigid structureandthushave no randomnessat all.
Regulartopologiessuchasgrids areoftenusedin analyticstudies
of algorithmperformanceo make the analysigtractable.

Hierar chical Method: In this method hierarchicaltopologiesare
createdby connectingsmall randomgraphstogetheraccordingto
a largerscalestructure. Thusthis methodattemptsto provide a
balancebetweerrandomnesandstructure.

TheTransit-Stubmethod 3] triestoimposeamorelnternet-oriented
hierarchicaktructureasfollows. A connectedandomgraphis first
generatede.g.usingthe Waxmanmethoddescribedabove). Each
nodein thatgraphrepresentanentireTransitdomain EachTran-
sit domainnodeis expandedto form anotherconnectedandom
graph,representindhe backboneopology of thattransitdomain.
Next, for eachnodein eachtransitdomain,a numberof connected
randomgraphsare generatedrepresentingstubdomainsthat are
attacheduo that transitnode. Finally, someextra connecwity is
added,in the form of “back-door” links betweenpairs of nodes,

ZReferencg14] providesdetailedexplanationof eachmethod.

wherea pair consistsof a nodefrom a transitdomainandanother
from astubdomain,or onenodefrom eachof two differentstubdo-
mains.By having nodesof differenttypes,it is possibleto generate
largesparsely-connectddternet-like topologieswith typically low
nodedagrees.

3. POWER LAWSIN INTERNET TOPOLO-
GIES

Recently[6] it hasbeenobseredthatcertainpropertiesof Internet
topologiescanbedescribedisingpower laws of theformy = z.
This implies that those samedistributions of interestin Internet
topologiesareskewed As aresult, Internetstudieswhich assume
that the distributions are not skewed, perhapsby taking into ac-
countonly theaveragevaluesfrom thesedistributions,canresultin
misleadingesults.For example for a particularsnapshoof theIn-
ternettopologyin 1998,85% of the nodeshadoutdegreelessthan
theaverage Power laws have beenusedto describeseveralcharac-
teristicsof communicatiometworks (e.g.traffic [4]), but not their
topologies.In this sectionwe summarizehe main obsenationsin
[6] — see[6] for more detailsandhow somepower laws canbe
usedto estimateotherrelatedmetrics.

Pawer laws of the form y = z enablea compactcharacteriza-
tion of topologiesthroughtheir exponents.If such(z, y) relation-

shipsare plotted on a log-log scale,thenthe powerlaw exponent
a definesthe slopeof the resultinglinear plot. We canthenuse

slopesof theselinear plotsto assessvhethertwo topologieshave

similar properties.Indeed,Faloutsoset al. [6] shav thatdifferent

Internetdomain-level topologiesof differentsizeandobsened at

differenttimeshave almostequalslopes.On the otherhand,their

obsenationsindicatethat a routerlevel topology hasslopesthat

significantlydiffer from thoseof domain-level topologies.

P1(rank exponent): Considettherelationshipbetweerthe outde-
greesof nodessortedin decreasingrder andthe ranksof nodes
in theresultingorder Theoutdegreed, of anodev, is proportional
to the rgnk of the node,r,,, to the power of a constantR, thatis,

dy X Ty

P2 (outdegreeexponent): The frequengy (numberof nodes),f4,
of anoutdaree,d, is proportionalto the outdegreeto the power of
aconstanD, thatis, f4 o d°.

P3 (hop-plot exponent): Thetotalnumberof pairsof nodes,P(h),
within h hops,is proportionalto thenumberof hopsto thepower of
aconstant, thatis, P(h) o< k™, h < &, whered is the diameter
of thenetwork. *

P4 (eigenexponent): Theeigervalues \;, of theadjaceng matrix
of a topology sortedin decreasingorder, are relatedas follows:
)\-; 0.8 iE. 4

4. LIMIT ATIONS OF EXISTING TOPOL-
OGY GENERATION TOOLS

Waxman[12] and Transit-Stul3] aretwo of the mostcommonly
usedtools for generatingnetwork topologies. To testtheir accu-
ragy in generatingopologiesthatresemblethe Internet(i.e. obey
thesamepowerlaws empiricallyfoundin [6]), we shav in Figurel

3Thereis somecontroversywhethertheneighborhoodize,defined
by P(h) in [6], is apowerlaw; thedatain [10] shav the neighbor
hoodsizeto grow exponentially

4Referencd6] consideredhe 20 largesteigervalues.
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Figurel1: Log-log plot of frequencyf; vs. outdegreed for a 5000-nodéWaxmantopology (left) and a 6660-nodeTransit-Stub topology
(right). The correlation coefficientis 0.4for the Waxman topology, and 0.9 for the Transit-Stub topology.

afit for the log-log plot of the outdeggreeexponent(cf. power law
P2in Section3). Thelinearfit is clearly not goodfor both Wax-
man and Transit-Stub,althoughit is much betterfor the Transit-
Stubtopology It is not surprisingthat both topologiesexhibit the
absenceor weak presenceof the power law given that both tools
arenot basedon a dynamicalgrownth modelof the Internet,which
we subsequentlyliscussin Section5. For example,bothtoolsdo
not graduallyadd nodesandlinks to form a topology ratherthey
createall nodesandthenstartaddinglinks to interconnecthem.
Section9 presentsan extensve comparatre analysisof different
topologygeneratiormodels.

5. HOW POWER LAWS ARISE

In this section,we briefly discussrecentstudiesthat suggespref-
erentialconnectity andincrementalgrowth to be possiblecauses
for somepower laws foundin topologies.In this paper we exam-
inetheirrelevancewith respecto theseaswell asotherpowerlaws
andmetricsonalargenumberof topologiesyntheticallygenerated
usingcommonlyusedtools.

Faloutsoset al. [6] provide evidencebut not corvincing possible
causedor theexistenceof powerlaws P1-P4in Internettopologies.
Recentlyin [1], power law P2hasalsobeenobsenedin thetopol-
ogy of theWorld Wide Weh Herethenodesaredocumentsndthe
links arehyperlinks HubermarandAdamic[7] obserethatthere-
lationshipbetweerthe numberof web pagesandthe differentweb
sitesalsofollows apowerlaw — mary siteshave only afew pages,
while very few siteshave hundredsof thousandof pages.(This
may be viewed as equivalentto power law P1in Internettopolo-
gies.) Usinga stochastiaynamicalgrowth model,power laws are
amuedto arisewhensitesgrow atthe sameaveragerate,thussites
thatarelargebecomdargerovertime.

BaralasiandAlbert [2] suggestwo possiblecausedor power law

P2in ary network topology: incrementalgrowth and preferential
connectity. Incrementalgrowth refersto “open” networks that
form by the continualadditionof new nodesandthusthe gradual
increasdn thesizeof the network. Prefelential connectivityrefers
to thetendeny of a new nodeto connecto existing nodesthatare
highly connectedr popular

6. NODEPLACEMENT AND CONNECTION
LOCALITY

In this section we arguefor two otherpossiblecausegor the exis-
tenceof powerlawsin Internettopologiesjn additionto incremen-

tal growth andpreferentiakconnectity. Thefirst is theway nodes
of the network are distributedin space. Unlike randommodels,
we conjecturethat Internettopologieshave a high degreeof clus-
tering. Thus,modelsthatwould generatgopologieswherenodes
aredistributedin spaceaccordingto a skewed (e.g. heary-tailed)
distribution, appeamorerealistic. This, for example,mirrorsthe
skewed distribution of humanpopulationor web pagesover web
sites[7]. Another possiblecausefor power laws is the tendeng

of a new nodeto connectto existing node(s)that are close-byin

distance.

Figure2 shavs asnapshobf asectionof atopology(withoutlinks)
in which nodeswere placedrandomly or accordingto a heary-

taileddistribution. Themotivationbehindusingheary-tailedplace-
mentof nodestogetherwith locality of edgeconnectionss to ob-
tain a skewed distribution of outdegrees wherethosefew heavily

populatedareashave highly connectedhodeswhile therestof the
nodesaresparselyconnected.

7. BRITE: A TOPOLOGY GENERATOR

To studytherelevanceof possiblecausedor power laws obsened
in Internettopologieg6], we built a parametrizedopologygener
ator, we call BRITE®. Differentcombinationsof possiblecauses
canbe tested. We considerthe possiblecauseglescribedearlier
namely:preferentiaconnectity, incrementafyronth, nodeplace-
ment,and connectionlocality. For eachcombination,we analyze
the generatedopologiesin termsof power laws andothermetrics
obsenredin realnetworks[6, 8]. In thissectionwe describahecur-
rentversionof BRITE. Sections8 and9 presentour experiments
andresults,respectiely. Table 1 lists the various parameterf
BRITE. We describeeachparametenext.

The Plane:

The nodesof the generatedopologyaredistributedin a planedi-
videdinto HS x HS squares.Eachoneof thesehigh-level squares
is furthersubdvidedinto smallerLs x LS low-level squaresEach
low-level squarecanbe assignedt mostonenode.

Node Assignment:
A Randomplacemenbdbf nodesin the planeis achieved by simply
selectinga low-level squarerandomlyand droppinga nodethere

Stor Boston university Representate In-
ternet  Topology  gEnerator Available at
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Figure 2: Snapshotof random node placement(left) and heavy-tailed node placement(right)

[ Parameter | Meaning | Values |
HS Sizeof onesideof theplane Integer> 1
LS Sizeof onesideof a high-level square Integer> 1
NP NodePlacement 0: Random 1: Heavy- Tai | ed
m Numberof links addedpernew node Integer> 1
PC PreferentialConnectity 0: NONE, 1: ONLY, 2: BOTH
| G IncrementalGrowth 0: | NACTI VE, 1: ACTI VE

Table 1: Parametersof BRITE

while avoiding collisions. To achieve aHeavy- Tai | ed distribu-
tion of nodes for eachoneof the high-level squaresthe generator
picksa numberof nodesn to be assignedo that squareaccording
to aboundedParetodistribution givenby [5]:

ak®n !
) = =GPy

A nodeis then placedrandomlyin oneof theLS x LS low-level
squarewvhile avoiding collisions.

)

Number of Links for a New Node:

The parameten controlsthe numberof neighbomodesto whicha

new nodeconnectsvhenit joinsthenetwork (or in otherwords,the

numberof new links to be addedto thetopology). The greaterthe

valueof m, the denserthe generatedopology We referto the set

of nodesfrom which a neighboris selectedor anewly considered
nodeasthe candidateneighborset

Incremental Growth:
This parametercontrolsincrementalgrownth and can take one of
two values:

e | NACTI VE placesall nodesatoncein theplanebeforeadding
ary link. At eachstep,a nodeis randomlyselectedandm
links areusedto conneciit tom candidateneighborsrom all
othernodes.

e ACTI VE placesnodesin the planegraduallyone at a time
asthey join the network. In this case a nev nodeconsiders
as candidateneighborsonly thosenodesthat have already
joined the network (i.e. nodesthat arealreadyconnectedo
someothernode(s)).

Initially, beforeoperatingin eitherl NACTI VE or ACTI VE
mode, the generatogenerates small randomlyconnected
backboneof m nodes.The remainingnodesarethencon-
nected.

Preferential Connectity:

This parametecontrolsthe activation or deactvation of both pref-
erentialconnectvity andlocality. Therearethreepossiblevalues
for this parameter:

e NONE indicatesthat preferentialconnectvity is turned off.
In thiscaseanewly considerechodeconnectgo acandidate
neighbomodeusingWaxmans probabilityfunction[12] (cf.
equationl). Thisprocesss repeatedo connecthenew node
tom nodes.

e ONLY meansthat preferentialconnectvity is turnedon. In
this caseanewly consideredhodewv connectdo a candidate
neighbomodei with thefollowing probability:

_di

Zjec dj
whered; is the currentoutdegreeof nodes, andC is the set
of candidateneighbomodes.This processmpliesthatanew
nodejoining the network selectswith high probabilitythose
nodeswith high outdegrees.This is repeatedo connectw to
m nhodes.

e BOTH combinespreferentiaonnectvity andconnectioro-
cality. In this casefor anewly considerechodewv, we com-
putefor eachcandidateneighbornodei a Waxmans proba-
bility w; (cf. equationl). This givespreferenceo close-by
nodes.Then,thefinal probability of connectingo nodesi is
computedasfollows:

2ijec Wi dj

This processs repeatedo connect to m nodes.



8. EXPERIMENTS

In this sectionwe describeour experiments. Section9 presents
our resultsandobsenations. We considertopologiesof sizerang-
ing from 500 nodesto about15000nodes® For eachselectedsize
andeachcombinationof parameterslescribedn Section7, three
BRITE topologieswere generatedusing three different random
seedsandthe averageresultsareplotted.

Section9 shaws resultsfor BRITE topologiesgeneratedstarting
from abackbonef sizemy = 100 onaplanewith HS = 1000 and
LS = 100. In the heary-tailed nodeplacementexperimentswe
take the parameter®f the boundedParetodistribution (cf. equa-
tion 2) asfollows: a minimumyvaluek of 1, maximumvalue P of
10000 x LS x LS andshapeparameter of 1.” Also, for a newly
consideredchode,we connectit with only onelink, i.e.m = 1. We
obtainedsimilar resultsfor differentvaluesof HS, LS andm, and
thusarenot shavn. This includesthe valueof m = 5 considered
in [2]. For network sizesof 500 to 15000,asm increasedrom 1
to 5, the averagenodedegreerangesfrom 2 to 10 with incremen-
tal growth, andrangesrom 30to 100without incrementagrowth.
Notethatwith incrementalgrowth, the averagenodedegreeis ap-
proximately2m. We alsodo notshaw resultsfor thecasewvhenboth
preferentialconnectvity andconnectiorlocality areactivated(i.e.
PC = 2) asit yieldsresultssimilar to the casewhenonly prefer
entialconnectvity is presenfi.e. PC = 1).

We comparethe resultsfrom BRITE topologieswith topologies
generatedising othermodelsandtools. We generatgopologies
accordingo theWaxman method usingthe GeogiaTechtopology
generatarGT-ITM [14]. In our experimentsye setthe parameters
of Waxmansfunctionto o = 0.2andg = 0.15% Also usingtheGT-
ITM tool, we generateTransit-Stub topologies. Table 2 lists the
parametersve usedto generatelransit-Stultopologiesof various
sizes. For the considerechetwork sizes,the averagenodedegree
for Waxmantopologiesrangesfrom 15 to 500, whereasTransit-
Stubtopologieshave an averagenodedegreeof about3. We also
generateegular grid topologies.

For eachgeneratedopology we verify the presenceor absence
of the power laws obsered in [6] (cf. Section3). For the log-
log plots obtained we testthe existenceor absencef power laws
using Pearson’s correlationcoeficient® — the closerthe absolute
value of the correlationcoeficient is to one, the closerthe data
follows a power law, thatis, we have a goodlinearfit on alog-log
plot. For the differentkinds of topologieswe generateyve obtain
graphsof the correlationcoeficient asa function of the topology
size. A goodlinearfit shouldgive a correlationcoeficient of 0.95
or higher If a given power law is found acrosddifferentkinds of
topology thenwe analyzethe slopesof the linearfits to determine
whichis closerto the slopesobsenedin [6].

We alsomeasurdor eachgeneratedopologyothercharacteristics,
namelydiametey averagepath length, and clusteringcoeficient.

8Dueto the high computationatostof computingeigervalueswe

only considertopology sizesup to 7000 nodesfor the eigervalue
exponentresults.

"To obtain a suficiently skewed distribution, we take P greater
thanLs x LS, whichis the maximumnumberof nodesthatcanbe

assignedo a high-level square. Thuswe take this maximumto be

thenumberof nodeswe assignto a high-level squaref therandom
numbergeneratedurnsoutgreater

8Thesearethe sameparametewaluesselectedn [14].

9We obtaincorrelationcoeficientsusingMathematicg13].

The average path lengthin a topology is definedasthe average
pathlengthtakenoverall pairsof nodes.The clusteringcoeficient
is definedasfollows [11]: considerary nodewv andits setof k.,

neighbors At most(’“”;r 1) edgescanappeambetweerthesenodes.
The clusteringcoeficient C,, for this nodeis the fraction of that
setof edgeswvhich areactuallypresenin thegraph.Theclustering
coeficient of the graphis thendefinedto be the averagevalue of

C., averagingover all nodes.

9. RESULTS

Beforepresentingur resultswe first list generabbsenations:

e Therank andoutdeggreepower laws (cf. P1andP2in Sec-
tion 3) arethemosteffective in distinguishingdifferentkinds
of topologies.

e The hopplotand eigervalue power laws (cf. P3and P4 in
Section3) areobsenedin nearlyall topologieshatwe stud-
ied, hawever, differenttopologiesdiffer in their H and E
exponents.

e Preferentialconnectvity andincrementalgronth arefound
to bethemaincausegor all power laws in our simulations.

9.1 Rank Exponent

For differenttopologies,we considerthe log-log relationshipbe-
tween outdegree and rank of a nodefor varying topology sizes.
Thenwe plot the correlationcoeficient obtainedvhenwe perform
alinearfit of thoseplotsasthetopologysizegrows.

9.1.1 Waxman,Transit-Stuband Grid Topolagies
Figure3 shawvstheresultsfor Waxman,Transit-Stutandgrid topolo-
gies. Waxmanand Transit-Stubtopologiesgive correlationcoefi-
cientsthat are around0.8 and 0.85, respectiely. This indicates
poorlinearfits. For all Internettopologiesstudiedin [6], the cor
relation coeficients were higherthan 0.95. Thus, Waxmanand
Transit-Stubtopologiesdo not seemto be representate of Inter-
nettopologiesatleastwith respecto therankexponent.

Rank Exponent for Grids, Waxman, and TS Topologies
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Figure 3: Correlation Coefficientvs. Size(Rank Exponent for
Waxman, Transit-Stub and grid topologies)

As expected grid topologiesshawv very poor linear fits especially
for largesizes.Thisis becauseodeshave only degreesof 2, 3 and
4, whereonly the four cornernodeshave degreeof 2, othernodes
atthe peripheryhave degreeof 3 andtheresthave degreeof 4.



Size [ Transitdomains| Nodes/Tansitdomain| Stubs/Tansitnode | Nodes/Stub|

510 10 1
1020 20 1
4040 20 2

10100 100 1
16160 20 8

5 10
5 10
10 10
10 10
10 10

Table 2: Parametersof Transit-Stub topologies

9.1.2 BRITETopolagies

Figures4 and 5 shawv resultsfor topologiesobtainedusing our
generatar Figure4 correspondso randomnodeplacementvhile
Figure5 correspondso heary-tailed (boundedPareto)nodeplace-
ment.In Figure4, for differentcombination®f incrementagrowth
andpreferentiakconnectvity, we obsenre thefollowing:

Rank Exponent for BRITE Topologies (Random Node Placement)
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Figure4: Rank Exponentfor BRITE topologies(RandomNode
Placement)

e PCsetto 1 and | Gsetto 1: Topologiesgeneratedvith
both preferentialconnectvity andincrementalgronth shav
excellentcorrelationcoeficientsapproachind. In this case,
the slopesof thelinearfits arearound—0.6 for all generated
topologieswhichis very closeto thevalueof —0.5 obsened
in [6] for actuallnternettopologies.This suggestshatif the
rankpower law is afundamentapropertyof Internettopolo-
gies, then using a topology generationmodel that includes
both preferentialconnectvity and incrementalgronth will
producetopologiesthat highly resemblelnternettoplogies
with respecto therankpower law.

e PCsetto 1 and| Gsetto 0: Topologiegeneratedvith pref-
erentialconnectvity but without incrementalgrownth shav
relatively highcorrelationcoeficients(approachind.9). This
indicatesthat, for the rank exponent,preferentialconnectv-
ity playsa moreimportantrole thantheincrementalgrowth
property

e PCsetto 0 and | Gsetto 1: Topologiesgenerateavith in-
crementabrowth but without preferentialconnectvity shav
thelowestcorrelationcoeficientsin termsof therank expo-
nent. This suggestshat preferentialconnectvity is aneces-
saryconditionfor therankexponentpower law to hold.

e PCsetto 0 and | Gsetto 0: Topologiesgeneratedvithout
incrementalgrowth nor preferentialconnectvity alsoshaw

poor correlation. This setting correspondgo a variant of
Waxmans randommodel.

Figure5 shavs theresultswhennodesaredistributedaccordingo
aParetodistribution. We obsene thefollowing:

Rank Exponent for BRITE Topologies (Pareto Node Placement)
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Figure 5: Rank Exponentfor BRITE topologies(Pareto Node
Placement)

e Topologiesgeneratedwvithout preferentialconnectvity nor
incrementabrowth showv theworstcorrelationcoeficients.

e In the presencef incrementalgrowth, the skewed distribu-
tion of nodesmalesthe generationrmodel lesssensitve to
the absenceof preferentialconnectvity. The valuesof the
correlationcoeficient arerelatively high (around0.85), but
thelinearfits arestill notgood.

e The performanceof topologiesgeneratedvith preferential
connectity aloneor with bothpreferentiakconnectity and
incrementalgrowth are comparableo thoseobsered with
randomnode placement. This suggestghat skewed node
placemenimay not be a fundamentakausefor the appear
anceof power lawsin Internettopologies.

Figure6 shaws afit for thelog-log plot of therankexponent.The
linearfit is clearlybestfor BRITE topologieswith bothpreferential
connectity andincrementalgrownth (underrandomnode place-
ment).

9.1.3 Conclusionon RankExponent

With respecto therank exponent,preferentialconnectity seems
to be a necessargonditionfor the power law to hold. The pres-
enceof incrementalgrowth increaseghe correlationcoeficients,
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Figure 6: Log-log plot of outdegreed,, vs.rank for a 5000-nodéWaxmantopology (left), a 4040-nodeTransit-Stub topology (middle)
and a 5000-nodeBRITE topology with preferential connectvity and incrementalgrowth (right). The correlation coefficientis 0.81
for the Waxmantopology, 0.87for the Transit-Stub topology, and 0.96for the BRITE topology.

resultingin excellentlinearfits. For Waxman,Transit-Stutandgrid
topologies.the rank exponentdid not appearasthe linear fits did
not shav high degreesof correlation. This suggestghat the rank
exponentcaneffectively distinguishdifferentclasse®f topologies.

9.2 OutdegreeExponent

For differenttopologieswe plot for varyingtopologysizesthe cor-
relation coeficient of the log-log relationshipbetweenfrequeng
andoutdegree(cf. Section3). Asin [6], we plot outdegreesstarting
from oneuntil anoutdegreewith exactly onenodeis found.

9.2.1 Waxman,Transit-Stuband Grid Topolagyies
Figure7 shawvstheresultsfor Waxman,Transit-Stukandgrid topolo-
gies.Waxmantopologieggive very low correlationcoeficients,in-
dicatingthatthe outdegreepower law is not present.Transit-Stub
topologiegyive correlationcoeficientsthatarearound0.9, indicat-
ing that the linear fits are not good. Again, this suggestghat, at
leastwith respecto the outdggreeexponent Waxmanand Transit-
Stubtopologiesdo notresemblédnternettopologies.

For grid topologiesagreementvith theoutdegreepowerlaw seems
to be present.However, this may be misleadingbecausery grid
hasonly threedifferentdegree(2, 3 and4), resultingin only three
nearlycolinearpointsin thelog-log plot, andconsequentliyhedata
canbeeasilyfit to a straightline.

Outdegree Exponent for Grids, Waxman, and TS Topologies
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Figure7: Corr elation Coefficientvs. Size(OutdegreeExponent
for Waxman, Transit-Stub and grid topologies)

9.2.2 BRITETopolagies
Baralasi and Albert [2] shawv that both preferentialconnectvity
andincrementabrowth areneededor the outdegreepower law to

exist. Our resultsareconsistentvith theirsasobsenredin Figures
8 and9. Thus,ary topologygeneratiormodelshouldincludeboth
properties.

For therouterlevel topologyanalyzedn [6], the value of the out-
degreeexponentwas—2.48. For BRITE topologiesgeneratedavith
both preferentiaconnectvity andincrementarowth, the slopeof
thelinearfits wasin the samerange— from —2.03 for a500-node
network to —2.36 for a 15000-nodaetwork.

Outdegree Exponent for BRITE Topologies (Random Node Placement)
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Figure 8: OutdegreeExponentfor BRITE topologies(Random
Node Placement)

Outdegree Exponent for BRITE Topologies (Pareto Node Placement)
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Figure 9: Outdegree Exponent for BRITE topologies(Pareto
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9.2.3 Conclusionn OutdgyreeExponent
Waximanand Transit-Stulbtopologiesdo not exhibit the outdegree
powerlaw. BRITE topologieggenerateavith bothpreferentiaton-
nectivity andincrementarowth closelyresembldnternettopolo-
giesreportedin [6]. Thus, like the rank exponent,the outdegree
exponentcaneffectively distinguishdifferentclasse®f topologies.
SinceconclusionainderParetonodeplacemenareconsistentvith
thoseunderrandomnodeplacementwe henceforthshawv results
only for thelatter.

9.3 Hopplot Exponent

For differenttopologieswe plot for varyingtopologysizesthe cor-
relation coeficient of the log-log relationshipof the number of
nodepairs within a certaindistanceversusthe distance(cf. Sec-
tion 3). Herewe consideristancevaluesup to the diameterof the

topology

9.3.1 Waxman,Transit-Stuband Grid Topolagyies
Figure 10 shaws the resultsfor Waxman, Transit-Stuband grid
topologies.All Waxmantopologiesyield linearfit correlationco-
efficientscloseto 1, indicatingthat the hopplotpower law holds.
However, this may be misleadinggiven that the numberof data
pointswastoo low (around3 or 4 datapoints). Thereasorfor hav-
ing so few datapointshasto do with a fundamentalimitation of
randommethoddor topologygenerationln orderto generatdarge
connectedopologiesthe numberof links neededs large. Conse-
quently thediameterof thenetwork decreasesignificantlyandthe
completesetof pairsof nodesis coveredwithin few hops(around
3 or4hops).

Hopplot Exponent for Grids, Waxman, and TS Topologies
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Figure 10: Correlation Coefficientvs. Size(Hopplot Exponent
for Waxman, Transit-Stub and grid topologies)

Transit-Stubandgrid topologiesalsoyield correlationcoeficients
thatareabove 0.95. Thus,the hopplotexponentholdsfor different
kinds of topologiesalthoughthey belongto threedifferentclasses
(random hierarchicalandregular). As mentionedn Section8, the
correlationcoeficientsactasaninitial testfor assessintheresem-
blanceto Internettopologies. Oncethis initial testis passedwe
mustlook at the slopesof the linear fits to determinetheir close-
nessto thoseempirically foundin [6]. We discussthis furtherin
Subsectior®.3.3.

9.3.2 BRITETopolagies
Figure 11 shaws the resultsfor BRITE topologies. All generated
topologiesshav the presencef the hopplotpower law.

Hopplot Exponent for BRITE Topologies (Random Node Placement)
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Figure 11: Hopplot Exponentfor BRITE topologies

It is importantto notice that whenthe incrementalgrowth prop-
erty is turnedoff, thegeneratedopology“behares” somevhatlike
arandomlygeneratedopologywith respecto a highernumberof
links neededo makethetopologyconnectednd,consequentlythe
generatedopology hasa smallerdiameter(lik e Waxmantopolo-
gies).Having a smalldiametemeanghatthelog-log plot hasfew
datapoints,which makesit easierto obtaina goodlinearfit. On
the other hand, when incrementalgrowth is presentthe number
of pointsin the plotsincreasesignificantly However, the hopplot
power law holdsin both caseswith correlationcoeficientsabove
0.95.

9.3.3 Conclusionn HopplotExponent

Figure12 shawvs aplot of theslopesof thelinearfits for the hopplot
exponentdatafor all kinds of topologiesandfor varyingtopology
size.

Slopes of Fits for All Topologies (Hopplot Exponent)
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Figure 12: Linear Fit Slopesfor Hopplot Exponent data (All
topology classes)

Waxmantopologiesare generatedvith the highestdegreeof ran-
domnessywhile grids arethe mostregular (no randomnessit all).

Thus,intuitively, theslopedor otherkindsof topologieqincluding
Transit-Stubghouldlie betweerthoseof Waxmanandgrid topolo-
gies.Thisagreeswith theresultsof Figure12, wheretheslopesor

Waxmantopologiesarethe largestandthey increaseastopologies
grow larger. For a 5000-nodéNaxmantopology the value of the
slopeis 7.65. At the otherendof the spectrumthe slopesfor the
grid topologieswere constantacrossall sizeswith valuesalways



aroundl.5. Theseslopesare significantly differentfrom the one
measuredn [6] for therouterlevel topology whichwas2.8.

BRITE topologieswithout preferentialconnectvity norincremen-
tal growth shav, as expected,slopessimilar to that of Waxman
topologies. The slopesfor thosetopologieslie betweend.19 for
500-nodenetwork and6.73 for 15000-nod@etwork. BRITE topolo-
gieswith preferentialconnectvity but no incrementagrowth have
lessrandomnes&nd, as expected,shav lower slopevalues. Fi-
nally, we obsere that BRITE topologieswith incrementalgrowth
aloneor togetherwith preferentialconnectity behae very simi-
larly to Transit-Stubtopologies.Also, the valuesof the slopeslie
between2.39 and 3.52 for Transit-Stubtopologies,and between
2.37 and3.11 for BRITE topologieswith preferentialconnectv-
ity andincrementalgrowth. Thus,BRITE topologieshave slopes
closerto thevalueof 2.8 measuredh [6]. In summarywith respect
to the hopplotexponent,both Transit-Stuband BRITE topologies
with incrementabrowth resembldnternettopologies.

9.4 Eigervalue Exponent

For differenttopologiesye plot for varyingtopologysizesthecor-
relationcoeficient of thelog-log relationshipof the eigervaluesof
thetopologyadjaceng matrix versugheirrankin decreasingrder
(cf. Section3).

9.4.1 Waxman,Transit-Stuband Grid Topolagies
Figure 13 shaws the resultsfor Waxman, Transit-Stuband grid
topologies. The eigervalue power law tendsto hold for Waxman
topologiesasthey grow large. Similarto large Waxmantopologies,
all generatedransit-Stuttopologiesshow correlationcoeficients
above 0.95, indicatinggoodlinearfits. Grid topologiesshow rela-
tively low correlationcoeficients.

Similar to the hopplotexponent,this resultindicatesthatit is dif-
ficult to distinguishdifferenttopologiesin termsof the eigervalue
exponent.We thusexaminethe slopesof the linearfits in Subsec-
tion 9.4.3.

Eigenvalue Exponent for Grids, Waxman, and TS Topologies
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Figure 13: Correlation Coefficientvs. Size (Eigervalue Expo-
nent for Waxman, Transit-Stub and grid topologies)

9.4.2 BRITETopolayies

Figure 14 shaws the resultsfor BRITE topologies. The correla-
tion coeficientsareabore 0.95for nearlyall topologies. Topolo-
giesgeneratedvith preferentiatonnectvity but withoutincremen-
tal growth have clearlyinferior correlationcoeficients. It is worth
mentioningthatthevalueof thefirst (dominant)eigervaluerelative

to that of othereigervalueslargely determineghe linearity of the
log-log plot. Sincedifferentkinds of topologiesexhibit the eigen-
value power law (at leastfor certainnetwork sizes),we examine
next the slopesof thelinearfits asa meango distinguishdifferent
classe®f topologies.

Eigenvalue Exponent for BRITE Topologies (Random Node Placement)
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Figure 14: Eigervalue Exponentfor BRITE topologies

9.4.3 Conclusion®n Eigervalues

Figure 15 shaws a plot of the slopesof thelinearfits versustopol-

ogy sizefor all consideredopologies.For Waxmantopologies,n

which thereis a high degreeof randomnesghe slopeof thelinear
fits rangesfrom —0.21 for 500-nodenetwork to —0.65 for 5000-
nodenetwork with correlationcoeficientscloseto 0.9 in all cases.
In contrast,for grid topologies,wherethereis no randomnesst

all, theeigervaluelog-log plotsareflatterasthe sizeof thegrid in-

creasesThe slopeof thefits for the gridsrangesrom —0.031 for

400-nodegrid to —0.002 for 6400-nodegrid. Thus,for bothkinds

of topologies thereis a cleardifferencein the value of the expo-

nents/slopesFor thesetwo classe®of topologiesthe slopevalues
differ significantly from the value of -0.17 measuredn [6] for a

routerlevel topology

Slopes of Fits for All Topologies (Eigenvalue Exponent)
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Figure 15: Linear Fit Slopesfor Eigenvalue Exponentdata (All
topology classes)

Again,BRITE topologieggeneratedvithoutpreferentiatonnectv-
ity nor incrementalgrowth behae similar to Waxmantopologies.
The otherfour topology classesTransit-Stub BRITE with incre-
mentalgrowth only, BRITE with preferentiatonnectity only, and
BRITE with bothpreferentiatonnectvity andincrementagrowth,



lie betweenthe extremesof completerandomnesgWaxman)and
completeregularity (grids). For theseclassesof topologiesthe
slopevaluesarenot significantlydifferentfrom thevalueof —0.17
reportedin [6]. BRITE topologieswith preferentialconnectvity
shaw slopesclosesto -0.17.

9.5 Path Length and Clustering Coefficient

In additionto the power laws, we also studiedthe diametey the
averagepathlengthandtheclusteringcoeficient, definedearlierin
Section8, for all generatedopologies.

Figure 16 shaws the averagepath lengthfor topologiesof differ-

entsizes.We obsenre thatWaxman(random)topologiesandthose
BRITE topologiesin which incrementalgrowth was turned off,

“behave” similarly in termsof theaveragepathlength.Ontheother
hand,thosetopologiesgeneratedvith incrementalgrowth turned
onarelessrandom resultingin amuchhigheraveragepathlength.
Thisis consistentvith resultsin [11].
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Figure 16: AveragePath lengthsfor all topology classes

We obsenre that topologiesgeneratedvith both preferentialcon-
nectvity andincrementalgronth activated,have an averagepath
lengthapproachindl2 hopsasthe network sizeincreasesin con-
trast,othertopologiesshav lower averagepathlengths.

Figurel7 shavstheclusteringcoeficientsfor all topologyclasses.
Figure18 shows the diameters The diameterplot shavs the same
trendsas the averagepath length. BRITE topologiesgenerated
with both preferentialconnectity and incrementalgrowth acti-
vated,shav a diameterapproaching30 hopsasthe network size
increases’

Finally, we note that for Waxmantopologiesand BRITE topolo-
gieswithoutincrementarowth, asthe network sizeincreasesthe
diameterandaveragepathlengthtendto decreaseThisis because
in a randomnetwork, asthe numberof nodesincreasesthe num-
berof links neededo have a connectedopologyincreasesignifi-
cantly making“shortcuts”’betweermary nodesandconsequently
decreasinghe diameterandaveragepathlengthof the network.

10. CONCLUSIONS

We studiedpossiblecausedor power laws [6] in Internettopolo-
gies. The outdegree and rank exponentsare found to provide a

°As a sanity check, Paxson[8] measuresa mean Internet path
lengthof around16 hopsanddiameterof beyond 30 hops.

powerful meansto testthe resemblancef a topologyto that of
the Internet. The hopplotand eigenexponentsare found to hold
for almostevery topologywe studied. However, the value of the
exponentof the power law can provide a useful meansto evalu-
ateatopology We alsostudiedothermetricsbesidegpower laws.
Topologiesthat strike a good balancebetweenrandomnessand
structurearefoundto have metricscloseto thosemeasuredor the
Internet. Consistentvith otherstudieswe found thatboth prefer
entialconnectvity andincrementabrowth arethekey contributors
to thesucces®f atopologyto resembldhatof the Internet.

Futurework remaingo build anevenmorerealistictopologygener
ator, which generatesruly representatie Internettopologies.This
would includetheassignmenof capacitiesandpropagtiondelays
to links, theintroductionof queuesandthe groupingof nodesinto
administratve domains. Furtherwork also involvesthe study of
othertopologicalpropertieshow suchpropertiegnayaffectthede-
signof Internetprotocols,andrefiningandextendingour topology
generatar
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Figure 17: Clustering Coefficientsfor all topology classes
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